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APPENDIX

This appendix presents the complete set of constraints required for the obtained solution to satisfy Eqs. (1) and (2), together with the derivation of the soliton energy in different regimes. 
Appendix A
Derivation of Algebraic Constraints from the Ansatz Substitution

This appendix provides the complete set of algebraic constraints obtained by substituting Eq. (2) into Eq. (1). Throughout the analysis, the resulting expressions are simplified by evaluating the equations at the pulse center,
Recall from Eq. (2) that, 


let  and 





Thus,  The calculation is then carried out by evaluating the expressions at At  where  and 
From Eq. (1), left-hand side (LHS) simplification:

Since  
Right-hand side (RHS) simplification:

Intensity profile: 

Drift term: 

Defect term: 


For simplicity,  and thus  After substituting these simplified expressions into Eq. (1), the resulting equations becomes



Then, divide the equation by  yields





Solve for  and let  where  The derivatives are computed as



The normalized second derivative of  is expressed as


Thus,


where 




At  the expression  reduces to




With  Euler’s formula for  gives



Substitution into the resulting equation yields


After simplification, separation into real and imaginary parts result in:

Real parts: 

Imaginary parts: 




Next solve for  and  The expression for  and  are defined by 




Using the ansatz  evaluating derivatives at 



and for 




Then, the resulting expression for  and  are


Final simplified equations of the real and imaginary parts:

Real part: 

Imaginary part: 


Appendix B
Derivation of Soliton Energy, E(B) and Shape-Dependent Function F(B).
This appendix presents the deriavation of the soliton energy E(B) expressed in terms of the shape-dependent function, F(B). Different closed-form expressions of F(B) are obtained.
The soliton energy, E(B) is defined as


Substituting the intensity profile obtained from the Eq. (2) gives


However, based on the definition of definite integral, the total integral can be separated into two parts. Thus, the expression for the soliton energy, E(B) can be written as







Since  for all real values of  and  the denominator   is always positive. Hence, the integrand is well-defined and strictly positive for all  Hence,





where we let  which depends on parameter B. To evaluate the integral, we perform the substitution  which implies that  This reduces the integral into a more compact form. By defining the shape-dependent function,





The solution to this standard integral depends on the value of B, leading to three distinct physical regimes for the dissipative soliton which are for the case I for  case II for  and case III for 

Case I, 
Express the hyperbolic cosine in exponential form


Then,



Then, introduce the substitution  the integral becomes 


By using completing the square, the denominator may be rewritten as





Define , since  so that  Thus the integral becomes



Make the shift of variable , hence



Use the standard integral  the improper integral becomes





The term  can be simplified using the trigonometric identify. Let  so that  Hence


Therefore


This yields the expression




Using the identity  for  closed form expressions becomes




Case II,
For case II, the shape-dependent function, F(B) is written as 




Since  define . The integral becomes




Use the standard integral  and letting  the improper integral gives 




Evaluating the limit as  yields zero. Substituting , the expression reduces to


By definition of the inverse hyperbolic cosine, this result can be written as, 




Case III, 
In third case, the shape-dependent function, F(B) reduces to  



This is a standard integral with antiderivative  Hence






Evaluating the limits gives  as  and  as  Therefore, the complete evaluation yields
	

	(50)


Hence, this concludes the derivation for Case III. 
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