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Abstract
This paper presents an approximate ansatz-based solution of the cubic complex Ginzburg-Landau equation (CCGLE) influenced by 
electromagnetic drift and defect. This study is carried out within the area theorem framework, which describes a relation between 
soliton energy and duration in dissipative systems. Within this framework, a hyperbolic cosine ansatz is applied to obtain 
approximate expressions for the soliton energy and duration in the non-integrable dissipative system. From the derivation, the real 
parameter B in the ansatz is identified as a shape-controlling parameter, which results in three cases known as case I for |B|<1, case 
II for B > 1, and case III for B = 0. Based on these cases, front stationary solitons are obtained through the balance between the two-
parameter family involving non-linearity and dispersion, as well as gain and loss, together with the interaction between drift and 
defect mechanisms. These interactions allow the system to self-organize into a stable localized structures within the dissipative 
system. Variations in the parameter B slightly change the soliton profile, especially in terms of width and amplitude. Furthermore, 
the drift parameter c is varied at c ϵ {-0.10, 0.60, 0.95} to investigate the behavior of the area theorem in the CCGLE, where the 
soliton solutions remain localized during propagation. Overall, the results indicate that the proposed approximate ansatz-based 
solution is able to describe localized dissipative structures in the non-integrable CCGLE with drift and defect effects.    
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1. INTRODUCTION

Dissipative solitons are localized waves that can 

travel across a medium while maintaining their 

shape in the presence of energy gain and loss [1]. 

The stability of dissipative solitons is achieved 

through a two-parameter family balance, which 

includes the balance of non-linearity and dispersion, 

as well as gain and loss [2][3]. The notion of 

dissipative solitons based on three fundamental 

concepts: classical soliton theory, nonlinear 

dynamics, and Prigogine’s theory of self-

organization. The idea of solitons first began in 

conservative and integrable systems, where stable 

waves are formed when dispersion, which tends to 

spread the wave, is balanced by nonlinearity that 

helps maintain its shape [3]. However, many real 

physical systems are dissipative because energy 

 
continuously shifts with the surroundings. This 

causes the creation of dissipative solitons in non-

integrable systems such as the Complex Ginzburg-

Landau Equation (CGLE), where soliton stability 

becomes more complex due to the additional 

balance between gain and loss [3]-[6]. Since the 

CGLE is a non-integrable system, obtaining exact 

analytical solutions is difficult, and therefore 

approximation and numerical methods are 

commonly used to study dissipative soliton 

behaviour. According to non-linear dynamics, 

dissipative solitons are stable fixed points in a 

infinite-dimensional system where small variations 

in system parameters can cause bifurcations and 

transform the soliton into different behavior such as 

pulsating, erupting, snaking, creeping, or chaotic 

solitons [5][6]. Furthermore, Prigogine's theory 

states that dissipative solitons are self-organized 

structures that emerge in nonequilibrium systems by 

continuous energy exchange with their 

surroundings [4]-[6]. Therefore, these three notions 

are important in explaining the formation, stability, 

and evolution of dissipative solitons in complex 

nonlinear dissipative systems. 

One of the most well-known nonlinear 

mathematical models in dissipative solitons is the 

CGLE [7]. The CGLE is known as an amplitude-

modulation equation where a nonlinear partial 

differential equation (PDE) models a system that 
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has a finite number of degrees of freedom [3][6]. It 

can shed light on the stability and dynamics of the 

solitons and show how they behave under different 

conditions [8]. This study focuses on the cubic 

CGLE (CCGLE) [5] with the additional drift and 

defect mechanisms, which can be written as 

Equation (1); 

 

      (1) 

 

where A = A(x,z) is a complex function of the 

retarded time x and propagation distance z. Here, D  

is the group velocity dispersion (GVD), γ is the 

cubic nonlinearity, δ is the linear loss, ɛ is the 

nonlinear gain, and β is the spectral filtering 

coefficient. The drift is represented by the 

coefficient c, while the defect term b(x) is defined 

by a single Gaussian profile                           where 

h is the height, σ is the half-width, and x0 is the 

centre of the defect, respectively.  

Despite the CGLE being a highly complex 

model, it is not always sufficient to capture what 

really happens in systems [5][6]. Sometimes, real-

world systems are more complex and often involve 

other effects [9]. This has led researchers to extend 

the equation in various ways. For instance, some 

studies capture more complex soliton behaviors by 

adding Kerr and cubic-quintic non-linearities, 

higher-order dispersion, and saturable gain [9]-[12]. 

Each extension has its own capabilities and 

functions within the system.  

The drift and defect are two additional 

mechanisms that could be added into the CCGLE to 

extend its dynamical behavior. The drift term 

describes how external forces influence soliton 

motion, leading to oscillatory behavior and changes 

in stability [13]. On the other hand, defects are 

spatial inhomogeneities that have the ability to pin 

or localize the soliton and act as sources of 

perturbations that make the soliton excitable [13]

[14]. In optical systems, these effects are usually 

seen as external disturbances that affect pulse 

motion and small imperfections in the medium [15]

-[18]. The interaction between drift and defect has 

been shown to produce rich dynamical behaviors in 

dissipative systems, such as the Swift-Hohenberg 

Equation (SHE) [13]-[17]. The drift introduces a 

velocity offset that breaks spatial symmetry, 

allowing the soliton to move or remain stable [15]

[16], while the defect tends to stabilize or pin the 

soliton depending on system parameters [17]. The 

interplay of drift and defect can result in stable, 

stationary, or controlled oscillatory states [14]-[17]. 

Despite these insights, the combined effect of drift 

and defect in the CCGLE has not been 

systematically analyzed. This motivates this study 

to investigate how these mechanisms influence the 

dynamics and characteristics of dissipative solitons. 

Two assumptions are made in this study. First, 

drift and defect are included in the system as 

additional mechanisms to investigate their influence 

on dissipative soliton dynamics. Second, the 

CCGLE is chosen instead of the cubic-quintic 

CGLE for analytical simplicity [19]. The CCGLE 

can reduce the number of free parameters while still 

providing valuable insights into soliton behavior. 

The inclusion of drift and defect already increases 

system complexity [15][16], making this choice 

practical for the present study [8]. Furthermore, this 

study seeks to construct an approximate ansatz-

based solution of Equation (1) using the 

formulation from Renninger [20]. The solution is 

obtained by applying a hyperbolic-cosine ansatz to 

Equation (1), where the real parameter B acts as a 

 

 

Table 1. Fixed parameters used for the obtained soliton profiles [2][14].  

 
 

 
Parameter Value 

D 1.00 

δ -0.10 

β 0.08 

γ 1.00 

ɛ -0.66 

c 0.12 

h 0.075 
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shape-controlling factor that determines the soliton 

profile. Depending on the value of B, three different 

solution cases are identified: case I, |B| < 1; case II, 

B > 1; and case III, B = 0. These cases allow the 

exploration of different soliton shapes and 

behaviors under the influence of drift and defect.  

One of the main analytical tools for describing 

solitons is the soliton area theorem, which shows a 

relationship between soliton energy and soliton 

duration for localized solutions of the CGLE [20]. 

In previous work, Renninger [20] derived the 

soliton area theorem for the cubic-quintic CGLE 

without additional terms to interpret numerical and 

experimental results. Since then, this theorem has 

been widely referenced in studies of dissipative 

solitons [20][23]. Although the original area 

theorem was derived for the cubic-quintic CGLE 

[20], the main idea of relating soliton energy and 

duration for localized dissipative solutions is still 

applicable to the CCGLE. In this study, the area 

theorem is used as an analytical framework to 

examine the effects of drift and defect on this 

relationship. 

Recent studies have investigated analytical 

solutions of the complex Ginzburg-Landau equation 

with various types of non-linearities [21]. 

Specifically, Kudryashov [21] studied a polynomial 

nonlinearity of four powers and obtained exact 

traveling wave solutions expressed via elliptic 

functions without constraints on the parameters. In 

addition, Wang [22] studied the pure-cubic CGLE 

with Kerr and power-law nonlinearities, 

constructing traveling wave solutions through the 

complete discrimination system for polynomials 

and analyzing soliton stability and chaotic 

behaviors. Collectively, these studies highlight 

ongoing interest in deriving analytical solutions and 

understanding soliton dynamics under different 

nonlinearities, motivating the approach adopted in 

the present work.  

The focus of this study is to analyze the behavior 

of the soliton area theorem in the CCGLE with drift 

and defect mechanisms. The drift parameter c is 

varied while the defect is kept fixed in order to 

observe its effect on localized dissipative structures. 

Within the approximate ansatz-based solution, the 

shape parameter B determines different solution 

regimes corresponding to distinct localized 

behaviors. The competition between drift and defect 

governs whether the system supports stationary 

localized structures or other types of behavior. 

  

2. SOLITON AREA THEOREM 

 

This section presents an approximate ansatz-

based solution of Equation (1) using a hyperbolic-

cosine ansatz. The ansatz describes the localized 

wave structure and simplifies the governing 

equation into algebraic relations for the soliton 

parameters. Based on these relations, expressions 

for the soliton energy are derived. The soliton 

duration is then determined using the full width at 

 

 

 
Figure 1. Front stationary soliton profiles of the CCGLE with drift and defect for case I with a parameter 

variation of |B| < 1. (a) B = 0.217 and (b) B = 0.5. 

 
 

(a) (b) 
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half maximum (FWHM) of the intensity profile.   

 

2.1. Definition of the Ansatz and Derivation of 

Relations 

The hyperbolic cosine ansatz is used to describe 

the soliton profile. The ansatz is written as Equation 

(2) [20]; 

 

 

      (2) 

 

 

where M, B, τ, ρ and η are real constants 

representing the soliton amplitude, shape parameter, 

width, chirp, and phase shift, respectively. In this 

framework, the shape parameter B controls the 

profile of the localized structure and determines its 

degree of localization. The relations are obtained 

using a center-matched approximation, where the 

ansatz is applied at the pulse center x = 0. This 

reduces the governing partial differential equation 

into a set of algebraic consistency conditions. This 

approach gives an approximate description of 

stationary localized solutions rather than an exact 

solution of the full system, but it is sufficient to 

study the energy and duration of the soliton. 

By substituting Equation (2) into Equation (1), 

the complex equation is simplified into algebraic 

forms. Separating the real and imaginary parts 

yields two governing equations. The real part 

corresponds to the amplitude and gain-loss balance, 

expressed as Equation (3). 

 

      (3) 

 

 

This relation represents the balance between 

conservative effect, dissipative terms, and the effect 

of the defect, which determines the condition for a 

stationary solution. The fourth term of Equation (3) 

indicates that the defect strength is coupled with the 

amplitude M and phase ϕ parameters to support a 

stationary state. This suggests that the defect 

contributes to the gain and loss balance required for 

a self-sustained soliton within the approximate 

ansatz-based solution. 

The imaginary parts govern the phase and 

frequency shift, presented as Equation (4); 

 

 

      (4) 

 

 

where                         related to the frequency 

shift η of the soliton. The drift coefficient  c appears 

directly in the term (1 + c)η. This suggests that the 

presence of drift changes the required value of η to 

remain stationary. The other terms describe the 

balance between nonlinearity, dispersion, and the 

phase effect of the defect. Thus, Equations (3) and 

(4) indicate the relationship between the soliton 

parameters (M, τ, ρ, B, η) and system parameters (δ, 

β, D, ɛ, γ, c, h). The detailed derivation steps are 

provided in Appendix A. 

 

 

 
Figure 2. Front stationary soliton profiles of the CCGLE with drift and defect for case II with a parameter 

variation of  B > 1. (a) B = 1.5, and (b) B = 2.217. 
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From Equation (3), the amplitude M can be 

obtained explicitly by applying Cardano’s formula 

and is given by Equation (5); 

 

 

      (5) 

 

 

where                                                  The 

expression shows that the amplitude is determined 

by the balance between gain and loss, dispersion, 

nonlinearity, and the defect strength. The soliton 

scale τ and phase constant η are determined from 

Equation (4) as follows Equation (6), 

 

 

      (6) 

 

 

and 

 

 

      (7) 

 

 

From Equation (6), the soliton width τ depends 

on dispersion, nonlinearity, drift, and defect. This 

suggests that drift may indirectly affect the soliton 

width. Equation (7) describes the propagation 

behavior of the soliton, which is also affected by 

system parameters including drift and defect. 

Therefore, Equations (3) - (7) provide an 

approximate set of consistency relations describing 

stationary localized solutions in the CCGLE with 

drift and defect. These relations describe how the 

amplitude, width, and soliton phase depend on the 

system parameters. This framework provides the 

basis for the area theorem formulation in the 

following sections. 

 

2.2. Derivation of Soliton Energy, E(B), and the 

Shape-dependent Function F(B) for Each Regime of 

B  

The soliton energy, E, is defined as the integral 

of the soliton intensity over the retarded time, 

 

      (8) 

 

By substituting the hyperbolic cosine ansatz 

from Equation (2) into Equation (8), the soliton 

energy can be expressed in the compact form as 

follows Equation (9); 

 

E(B) = MF(B)     (9) 

 

where M and τ denote the soliton amplitude and 

width, respectively. The explicit form of F(B) 

depends on the value of the shape parameter B, 

leading to three different mathematical regimes: 

 

Case I: |B| < 1 

 

                (10) 

 

In this regime (Equation (10)), the shape 

parameter satisfies |B| < 1, leading to a bounded 

inverse cosine function. The corresponding soliton 

profile is smooth and localized, with a finite width. 

 

 

 
Figure 3. Front stationary soliton profiles of the CCGLE with drift and defect for case III, B = 0. 
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The energy varies continuously with B, indicating a 

stable bell-shaped soliton solution. 

 

Case II: B > 1 

 

                (11) 

 

When B > 1, the inverse hyperbolic cosine 

function governs the soliton shape. This regime 

(Equation (11)) corresponds to strongly localized 

dissipative solitons with enhanced soliton width. 

The nonlinear dependence of F(B) on B reflects the 

influence of drift and defect parameters on the 

soliton energy. 

 

Case III: B = 0 

 

F (B) = πτ               (11) 

 

For the special case B = 0, the soliton energy 

reduces to a constant value proportional to the 

soliton width (Equation (12)). This case remains as 

a well-defined localized pulse with finite amplitude 

and width, but with the simplest symmetric profile. 

The detailed integration procedure is presented in 

Appendix B for completeness. This result reveals 

that the soliton energy is directly controlled by the 

soliton amplitude, width, and the shape parameter 

B, highlighting the influence of drift and defect 

through the soliton parameters. Physically, the 

energy increases with amplitude and width and 

varies nonlinearly with the shape parameter B. 

 

2.3. Derivation of Soliton Duration, T(B) and the 

Final Area-Theorem Relation between E(B) and T

(B) 

The soliton duration is evaluated using the 

FWHM of the soliton amplitude profile. The 

 

 

 
Figure 4. Front stationary soliton profiles for case I, B = 0.5 under variation of drift parameter c: (a) c = -

0.10, (b) c = 0.60, and (c) c = 0.95.  
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FWHM, denoted as T, is defined as the temporal 

width between the two points x = ± x0, where the 

intensity drops to half of its peak value. This is 

expressed by the condition of Equation (13). 

 

                (13) 

 

Substituting the intensity profile into the FWHM 

condition given in Equation (13) leads to an 

equation involving the hyperbolic cosine function. 

By solving this equation, the half-maximum points 

are obtained. Due to the symmetry of the soliton 

profile about the pulse centre, the full width at half 

maximum is twice this value. Therefore, the 

FWHM soliton duration is given by Equation (14). 

 

T (B) = 2τ cosh-1 (2 + B)              (14) 

 

This expression shows that the soliton duration 

depends on the soliton width parameter τ and the 

shape parameter B. Together with the soliton energy 

expression derived in Section 2.2, this result 

establishes a relationship between the soliton 

energy E(B) and soliton duration T(B). Thus, the 

soliton area theorem provides a relation between the 

soliton energy E(B) and duration T(B). The 

expression of the soliton energy is presented as 

Equation (15), 

 

E (B) = MF (B)               (15) 

 

where the shape function F(B) is given in the 

following piecewise function Equation (16), 

 

 

                (16) 

 

 

 

 

 
Figure 5. Front stationary soliton profiles for case II, B = 1.5 under variation of drift parameter c: (a) c = -

0.10, (b) c = 0.60, and (c) c = 0.95.  
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and the FWHM soliton duration, T(B), can be 

written as Equation (17). 

 

T (B) = 2τ cosh-1 (2 + B).              (17) 

 

These results show that both energy and duration 

depend on the shape parameter B, and indirectly 

reflect the influence of drift and defect through the 

soliton parameters derived from the ansatz-based 

solution, which is formulated within an 

approximate center-matched framework.  

 

3. RESULTS AND DISCUSSIONS 

 

This section discusses the behavior of the 

obtained front stationary soliton for different values 

of the parameter B, along with variations of the drift 

parameter c. The parameter values used throughout 

this section are summarized in Table 1, except for 

the drift parameter c, which is varied in Section 3.2.  

Although the derivation in Section 2 is 

simplified at the pulse center by taking x = 0 and x0 

= 0, the graphical representation of the ansatz-based 

solution is performed over a finite domain of L = 

70. The defect is centered at             so that the front 

stationary soliton structure can be clearly observed 

within the domain. 

 

3.1. Graphical Representation of Soliton Profiles 

for Varying Parameter B 

Figures 1 - 3 show the behavior of the front 

stationary soliton profiles for different values of the 

shape parameter B. Figure 1 corresponds to case I, 

|B| < 1, Figure 2 correspond to case II, B > 1, and 

Figure 3 corresponds case III, B = 0. In all cases, 

the solution maintains a front stationary soliton 

 

 

 
Figure 6. Front stationary soliton profiles for case III, B = 0 under variation of drift parameter c:  

(a) c = -0.10, (b) c = 0.60, and (c) c = 0.95.  
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profile. However, changes in the parameter B 

produce variations in the amplitude and width of the 

soliton. For |B| < 1, the soliton becomes slightly 

wider with lower peak amplitude, while when B > 

1, the soliton becomes sharper with higher peak 

intensity. When B = 0, the soliton shows a more 

flattened localized structure while still maintaining 

a front stationary soliton profile.  

Despite the initial expectation that drift and 

defect may lead to more complex behaviors, 

Figures 1 – 3 show that the obtained stationary 

solitons maintain a front stationary soliton profile. 

Only minor changes in width and peak intensity are 

observed when the parameter B is varied. This 

indicates that, under the chosen parameter set, the 

system produces front stationary solitons profiles, 

even in the presence of drift and defect effects. The 

results show that Equation (16) describes a behavior 

of the localized structure across the considered 

cases. 

The behavior observed here is align with recent 

studies on coupled cubic-quintic CGLE [25], which 

report that localized structures can maintain their 

shape under small parameter variations. Although 

the present system is cubic and includes 

inhomogeneities, the qualitative behavior is 

comparable in the sense that the localized profile 

remains preserved under parameter changes. This 

comparison suggests that the ansatz-based 

formulation in Equation (16) provides a useful 

approximation for describing front stationary 

soliton profiles in dissipative nonlinear systems. 

 

3.2. Graphical Representation of Soliton Profiles 

for Varying Drift Parameter c  

To examine the influence of drift on soliton 

behavior, the drift parameter c is varied while all 

other parameters are kept fixed, except c, as listed 

in Table 1. The drift parameter c is varied at c ϵ {-

0.10, 0.60, 0.95} for the three cases discussed in the 

previous section, as illustrated in Figures 4 – 6.  

Figures 4 – 6 show the behavior of the obtained 

front stationary soliton profiles for each selected 

value of parameter B under different drift values. In 

all three cases, the amplitude and width of the 

soliton profile remain almost unchanged, while a 

slight shift in position is observed with increasing 

drift parameter c. This indicates that the drift 

parameter c mainly affects the spatial position of 

the front stationary soliton profile, without 

significantly altering its shape within the considered 

parameter range.  

 

3.3. Verification with Previous Studies 

Based on the results in Figures 1 – 6, the 

obtained solutions show a clear change in amplitude 

across the spatial domain. The soliton profile 

consists of two nearly constant regions which are 

separated by a sharp transition layer. This type of 

behavior is align with the front-type structures 

discussed by van Saarloos and Hohenberg [24]. 

Although the hyperbolic-cosine ansatz in Equation 

(2) is commonly used to describe localized pulse 

structure [20], the inclusion of electromagnetic drift 

and defect modifies the obtained profile into front-

like stationary structure within the simulated 

domain. 

As the drift parameter varies, the position and 

steepness of the transition layer change slightly, 

while the overall profile shape remains the same 

across the considered cases. Figure 7 illustrates a 

typical front structure in the one-dimensional CGLE 

 

 

 
Figure 7. Typical front structure in the one-dimensional CGLE reproduced from van Saarloos and 

Hohenberg [24]. 

 
 



J. Multidiscip. Appl. Nat. Sci. 

1582 

reported in [24]. The spatial profile shown in Figure 

7 also contains a transition layer separating two 

different states [24], which is comparable to the 

behavior observed in this study. In this system, the 

defect acts as a pinning mechanism that traps the 

soliton and helps maintain the front stationary 

structure instead of forming a symmetric localized 

pulse.  

The front stationary solitons obtained in this 

study are motivated by the localized solutions 

reported in earlier works by Akhmediev and 

Ankiewicz [2], and Renninger [20]. In those 

studies, stationary solutions were found in systems 

where stability is supported by higher-order 

nonlinear effects such as quintic saturation [2][24]. 

In contrast, the present model considers a cubic 

system with drift and defect terms, which modifies 

the behavior of localized profiles without 

introducing higher-order nonlinearities. These 

earlier studies provided the motivation for this 

work, showing that stable stationary fronts can exist 

under certain parameter ranges [24]. In Renninger’s 

study, stationary solitons were obtained using a 

hyperbolic cosine ansatz in the cubic-quintic 

CGLE, while Akhmediev and Ankiewicz [2] 

studied stationary solitons in the complex Swift-

Hohenberg equation (CSHE). These studies provide 

useful references for understanding localized 

structures in dissipative systems. Other recent 

studies [21][22] also observed stationary solitons in 

dissipative systems, exhibiting behavior comparable 

to that reported here. The results in Figures 1 – 6 

indicate that the obtained solitons remain localized 

and maintain a front-like structure across different 

parameter values of B, with variations mainly 

affecting width and amplitude. 

The presence of drift and defect supports the 

formation of stationary soliton. The balance 

between gain, loss, nonlinearity, and dispersion 

together with drift and defect helps maintain a front 

stationary soliton structure within the considered 

parameter range. This shows that electromagnetic 

drift influences the spatial behavior of the soliton 

profile and is related to the modified area theorem. 

The ansatz-based formulation used in this study 

gives a simple approximate solution of the 

stationary soliton profiles, following Renninger 

[20]. The soliton profiles remain localized, with 

small changes in width and amplitude when the 

parameter B is changed. This shows that the ansatz 

can describe the main features of stationary 

localized structures in the CCGLE with drift and 

defect.  

For comparison, Figures 8 and 9 present the 

stationary soliton solutions reported by Akhmediev 

and Ankiewicz [2] and Renninger [20], 

respectively. Their results illustrate stable stationary 

under their chosen models, providing a reference 

point for the solitons obtained in the present work. 

Overall, the approximate ansatz-based solution of 

 

 

 
Figure 8. The class of stationary soliton solutions of the CSHE. Parameters of the simulation are: β = -0.30, 

ɛ = 1.60, v = 0.00, μ = -0.10, δ = -0.50, and γ2 = 0.05 [2].  
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this study is consistent with previous studies, while 

extending the model by including drift and defect 

effects.  

 

4. CONCLUSIONS 

 

This paper presents the cubic complex Ginzburg-

Landau equation (CCGLE) with drift and defect 

mechanisms. The soliton area theorem is applied to 

the non-integrable CCGLE, and an approximate 

ansatz-based approach is used to study the 

dissipative soliton solutions. From this approach, 

the soliton energy E(B) and soliton duration T(B) 

are derived to characterize their dependence on the 

shape parameter B. The obtained ansatz-based 

solutions show the evolution of the soliton profile 

as B is varied. In addition, the variation of the drift 

parameter c is investigated to observe the 

propagation behavior of the front in the system. The 

results suggest that front stationary solitons can still 

exist for different values of c. Although the soliton 

width and peak intensity change, the obtained 

soliton structures remain localized throughout the 

propagation. These findings indicate that drift and 

defect mechanisms do not necessarily need to 

directly balance each other, but instead interact 

through a self-organization process to support the 

formation of front stationary solitons. This 

behaviour is align with the fundamental concept of 

dissipative soliton systems with infinite degrees of 

freedom and provides further understanding of front

-like stationary dissipative structures in nonlinear 

dissipative systems. 
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