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Abstract

Tuberculosis (TB) remains a major global health concern, particularly in high-burden countries such as Indonesia. To better
understand the transmission dynamics and evaluate intervention strategies, a compartmental SVEITR model is developed that
incorporates vaccination, exposure, treatment adherence, and immunity loss. Using next-generation matrix methods, the basic
reproduction number (Ry) is derived and stability analysis demonstrated that the disease-free equilibrium is globally asymptotically
stable when R, < 1. Bifurcation analysis of the vaccine efficacy parameter revealed a forward bifurcation, indicating that TB can be
eradicated once vaccine efficacy exceeds a critical threshold. Using Pontryagin's maximum principle, we developed an optimal
control problem with time-dependent vaccination and treatment adherence control. Numerical simulations demonstrated that the
combined implementation of vaccination and treatment adherence resulted in the greatest reduction in the exposed and infectious
population. Further cost-effectiveness analysis showed that improving treatment adherence alone was the most economically
efficient strategy (ACER = 8.28; ICER = - 4.57), while vaccination alone was significantly less cost-effective (ACER = 297.67).
Although combining vaccination with treatment adherence achieved additional health benefits, it incurs higher additional costs
(ICER = 51.96). These findings suggest that treatment adherence should be prioritized in resource-limited settings, with combined
strategies considered when additional resources are available.

Keywords: cost-effectiveness, forward bifurcation, optimal control, SVEITR model, Tuberculosis modeling

1. INTRODUCTION expanded the SIR framework by adding

compartments for latency, reinfection, treatment,

Mathematical modeling plays a key role in
understanding infectious disease dynamics and
designing effective control strategies. Classic
compartmental models such as the susceptible—
infectious—recovered (SIR) model have provided a
basic framework for describing transmission
dynamics, threshold parameters, and long-term
epidemic behavior. However, the reality of many
infectious diseases involves complex latency
periods, reinfections, and intervention strategies
that cannot be adequately captured by basic SIR
(TB) presents unique
modeling challenges due to its slow progression,
stage,
following treatment or vaccination [1]-[3]. To
address these challenges, researchers have

models. Tuberculosis

latent infection and partial immunity
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and vaccination. This expansion allows for the
study of combined intervention programs, including
preventive vaccination and case management
through treatment [4]-[8].

A growing body of literature emphasizes that TB
control requires a combination of strategies beyond
vaccination alone. Combining vaccination with
interventions to improve patient adherence and
treatment completion can significantly reduce the
critical vaccine efficacy needed to achieve disease
elimination [9][10]. Even a moderately effective
vaccine can substantially reduce TB incidence if
supported by a strong adherence program and
adequate treatment coverage. This finding is
particularly relevant for high-burden countries like
Indonesia, where treatment failure rates and delayed
case detection remain major barriers to TB control
[10].

Bifurcation analysis plays a crucial role in
understanding how minor alterations in significant
parameters can result in qualitative shifts in disease
dynamics  [11][12].
thresholds helps policymakers target the most

Identifying  bifurcation

impactful parameters, for example, increasing
treatment rates beyond a critical level or combining
vaccination and treatment to shift the system toward
a disease-free equilibrium. The theory of optimal
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Figure 1. The flow diagram of the model.

control provides a formal framework for identifying
cost-effective strategies to minimize TB prevalence
and intervention costs. Recent studies have used an
optimal control approach to determine the timing
and intensity of vaccination and treatment strategies
[9][13][14]. Cost-effectiveness analysis is crucial in
this context, especially in resource-constrained
regions, where public health budgets must be
allocated efficiently [15][16].

Globally, TB remains one of the leading causes
of infectious disease death, with 8.2 million new
cases reported in 2023 according to the WHO
Global TB Report 2024 [10]. Indonesia ranks
among the two main contributors to the global TB
incidence, accounting for approximately 10% of the
global burden. Demographic factors, including a
large working-age population and urban density,
further complicate control efforts [17]. These
challenges highlight the need for country-specific
models that combine treatment,
adherence, and demographic data to inform local

vaccination,

policy decisions. This study develops and analyzes
the SVEITR model, an extension that includes key
components of TB epidemiology: (i) vaccination as
a preventive intervention, (ii) exposed individuals
representing latent classes, (iii) treatment dynamics,
including imperfect adherence and treatment
saturation, and (iv) recovery with partial immunity.
The model will then be calibrated with TB data
from Indonesia. The model includes bifurcation
analysis to identify threshold parameters and uses
optimal control theory to determine the most cost-
effective combination of vaccination and treatment
interventions. By bridging mathematical analysis
and practical public health considerations, this
study provides actionable insights for TB control

programs, supporting Indonesia's commitment to
achieving the TB elimination target by 2030.

2. MATERIALS AND METHODS

2.1. Model Formulation

In this section, we construct a mathematical
model that illustrates TB spread. We examine six
distinct populations: S(f) denotes susceptible
individuals who have not been exposed to TB
infection, V(f) signifies vaccinated individuals
against TB infection, E(f) refers to individuals
exposed to TB infection but who are not infectious,
1(¢) represents diagnosed infectious individuals who
have contracted TB, 7(¢) indicates the class of
individuals who get treatment, and R(¢) represents
recovered individuals. The susceptible population
increases due to a daily recruitment rate denoted as
A, while susceptible individuals receive vaccination
against TB infection at a constant rate of w. We
postulate that individuals vaccinated against TB
infection lose their immunity after a certain period
and may become infected following effective
contact with infectious individuals at a diminished
rate of 1 - &. Consequently, the risk of infection for
those who are vaccinated is expressed at the rate of
Bl -e)VI.

We also assume that only individuals who are
infected can transmit the infection; therefore, the
risk of infection is expressed as SIS. The transition
rate of individuals from the exposed class to the
infectious class is denoted by a, while y represents
the progression rate from the infectious diagnosed
to the treatment class. Individuals receiving
treatment recover through hospital care at a rate of
7, and p indicates the level of patient adherence to
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treatment. Treatment adherence is explicitly
incorporated through the parameter p, which scales
the recovery rate z, so that higher adherence
increases successful treatment outcomes, while
lower adherence represents treatment interruption
and failure. The parameter 1 denotes the natural
death rate across all compartments, and we assume
that disease-induced mortality rate due to treatment
failure occurs at rates d, while additional mortality
due to the disease occurs in T at a rate of v, with the
condition that 6 > v. We assume the recovered
individuals experience a loss of immunity at a rate ¢
and become susceptible again.

The proposed SVEITR model is developed based
on several standard assumptions commonly adopted
in tuberculosis transmission modeling. Recruitment
into the susceptible population is assumed to occur
at a constant rate, while natural mortality affects all
compartments and disease-related mortality applies
to both infected and treated individuals, implying
that the total population size is not strictly constant.
Homogeneous mixing is assumed, meaning all
individuals have the same probability of contact,
regardless of age or socioeconomic status. Age
structure is not

explicitly modeled. Instead,

vaccination effects are captured through an
effective vaccine parameter representing population
-level protection rather than individual-level age
stratification. These assumptions allow the model to
capture important long-term transmission dynamics

at the population level in Indonesia. However, age

heterogeneity, socioeconomic disparities, and
tuberculosis
transmission and control outcomes. These aspects
are therefore recognized as limitations of this study

and important directions for future research. The

spatial ~ variation can influence

above description is represented by the system of
differential equations given in Equation (1), while
the model compartment flow diagram is illustrated
in Figure 1.

& =4 51 5 R 5 il =wS 1 VI v dE

i B wS +a i i =w. ( e)f ° a
= fBsI 1 vi E a =aFE 1 & I ar (1)
=BSI+(1-e)pVI—(a+m)E = =aE—(pr+ (1-p)§ + )] —

dR
:pyl—(r+p+v)TE =1T — (g + )R
with initial conditions:
S(0)=0, E(0)=0, V(0)=0, I(0)=0, T(0)=0, R(0)=0.(2)

It is important to highlight that all parameters
utilized in the TB model are non-negative, as the
model illustrates human population dynamics.
Moreover, it is necessary to demonstrate that all six
state variables of the proposed model remain non-

negative at all times. We state in the theorem 1.

Theorem 1. Assume that all model parameters
are non-negative, and 0 <e <1, 0 <p < 1. Then the
solutions of system (1) with the initial conditions
(2) remain non-negative for every ¢ > 0.

Proof. We apply the theory of positive

Table 1. Parameter values.

Parameter Description Value Source
A Recruitment rate 2,800,863 [19]
U Natural death rate 0.01381 [17]
b Transmission rate of infected population 58178 x 107 [19]
€ Vaccine effectiveness 0.12 Assumed
® Vaccination rate 0.72 Assumed
o Rate of progression from the exposed to infectious stage 0.16814 [19]
0 Disease-induced death rate 0.02282 [20]
y Treatment rate 0.87 [20]
p Level of patient adherence to treatment 0.5 Assumed
1% Disease mortality rate of treatment individuals 0.01 Assumed
o Lose immunity rate of recovered individuals 0.047634 [19]
T Recovery rate 0.645 [20]
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Figure 2. The phase portrait of the exposed, infected, and treatment population.

invariance. It suffices to verify that, at each
boundary where a state variable becomes zero, the
derivative of that variable is non-negative provided
the other state variables are non-negative.

When S = 0, we have E=A+JRZO , when
Vo= 0, %=w520 , when E = 0,
%:35;4.(1_5)31/[30 ,when I =0, %=a£’20,

when 7=0,Z = pyr =0, and when R=0,2 = 7 = 0.
Hence, the vector field on the boundary of the
non-negative orthant points inward or is tangent to
the boundary. Due to the invariance of the non-
negative orthant, every solution that starts with non-
negative initial conditions will stay non-negative
throughout all time. This completes the proof.

2.2. Equilibria and Basic Reproduction Number
System (1) always has a disease-free equilibrium
point where no individuals are infected. Solving the
linear steady-state equations gives the disease-free
equiAlibrium (]3FE) Ey= (S0, V0, 0, 0, 0, 0), whereas:

So

v :y[co+p() .

To determine the basic reproduction number of

7w+_u’

model (1), the widely used next-generation operator
method and notation, which has been thoroughly
examined previously [18], is utilized. Let X = {E, I}
represent the set of infected compartments.
Consequently, the subsystem that outlines the
dynamics of these compartments is derived from the
TB model (1) and is expressed as follows:

dE dr
p =pBSI+ (1—€e)pVI—(a +_(:)£'E =aE— (py +(1—p)d+ )l

We find a new infection matrix as follows:
F=(BSI+ (1—€)pVIO) V= ((a+p)E — aE+ (py + (1 —p)6+ u)I).

Linearize at the DFE, we get the matrices F and
V:

F:(ﬁ(;—uﬂl—ejf-:—u)ooo], V=(a+p0 —apy+(1—-p)§+p).

One computes:

vTl= (pr+(1—p)S+p0aa+pu)

S S
(a+p)(py+(1-p)&+u)

The next-generation matrix FV' is upper
triangular, and its spectral radius equals its (1,1)
entry:

R, = p(FV™1) = fad (1+222). (3)

(ptw) et p)(py+(1-phé+u) I u
2.3. Existence of an Endemic Equilibrium

The endemic equilibrium are solutions of S = 0,
V=0,E=0,1=0,T=0, R =0 denoted by E* =
(S8*, V*, E*, I*, T*, R*) where:

E((1—-oBl'+p) Dk it ) Ll L )

St= i = I,
(1—e)fl'+u+(1-e)w o Ttutv

K((1—e)BI" +u)

. w . PYT +
V= a8 +;¢((1—e)3ﬁ Yata- e)w)' R

= (t+p)(o+u)

With 7* is the positive real roots of:

AP + Aol + Ay =0, 4)
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where:

A, = A(Kp - oc), A; = AK(w + 1) + Kupp - AA - oc(u

+B), Ao = A(u + B)(1/Ro - 1), (5)
and aA=(-epBE=(1-ewk= 7‘1“”)“”‘:;‘”5*”, and
= T

The theorem presented below articulates the
existence of an endemic equilibrium.

Theorem 2. Consider
Let & = (e+p)(py+(1-p)é+u)

the (D).
- —ac , Ry be given by (3),
and 4 = A4’ - 44,4y with e < 1.
i. If Ry> 1, then A4y< 0 and hence (4) has
exactly one positive real root. Consequently,

System

(1) admits at least one endemic equilibrium
with * > 0. Moreover, if @ # 0 the positive
root is simple.

. If Ry <1 and either @ <0 or4;>0o0r4 <0,
then (4) has no positive real root and (1)
admits no endemic equilibrium.

1. If Rg<1, @ >0 (so 4, >0),4;,<0,and 4 >0,
then (4) admits two distinct positive roots 0 <
ILi* < DL* hence (1) has two endemic
equilibria.

Proof.

i. From(5), Ag= A(u + B)(1/Ry - 1). Thus for Ry
> 1 we have 4, < 0. Since ¢ < 1 and 5> 0, 4,
= (I - ¢)p® is nonzero except on the
nongeneric set @ = 0. Hence A¢/4, <0, so (4)
has exactly one positive and one negative real
root. The positive root defines /* > 0; back-
substitution gives S*, V*, E* T* R* > (.

1. For Ry < 1 we have Ao> 0. If either 4, < 0
(i.e. @ <0)or 4,> 0 or 4 <0, then by Victe’s
relations 4g/4, <0 or -4,/4, < 0 or the roots
are nonreal; in each case, no positive real root

exists, so no endemic equilibrium.

iii. Suppose Ry < 1 and @ > 0, hence 4, > 0. If
moreover A; < 0 then —A4,/4, > 0, and with 4,
> 0 we have A¢/4, > 0. Thus either both roots
are both The
discriminant condition 4 > 0 guarantees the

positive  or negative.
roots are real and unequal; combining with —
Ay /A4, > 0 yields two positive roots, hence two
endemic equilibria.

The positivity of the remaining compartments
follows from the linear relations given above and
the non-negativity of parameters, once /* > 0 is
fixed.

Next, we show the stability of the disease-free
equilibrium point in the theorem that follows.

Theorem 3. For the system (1), if Ry < 1, then
Ey is locally asymptotically stable and if Ry > 1,
then E, is unstable.

Proof. By linearizing system (1), the Jacobian
matrix at £, is obtained as

JE)=((w+pu)00-S00w-u0-(1-epV,
0000-(a+u)pSe+(1-)BV,0000a-D000
00py-(z+u+v)000007-(c+p)),

with D : = py + (1 - p)d + p.

The Jacobian matrix J(E,) has eigenvalues -(w +
W), -, -(t + u + v) and -(¢ + p), these are strictly
negative. The other two eigenvalues are derived
from the 2x2 matrix block J, = (-(a + u) pSo + (1 -
pVya- D).

The characteristic equation of J; is:

2+ (a+p+ D)L+ (a+m)D(1 - Ro) =0,

which has negative roots if Ry < 1 and has a
positive roots if Ry > 1. This proves that all

Table 2. Sensitivity index of each model parameters.

Parameter

mR o TE SR

Sensitivity index
1
1
-0.9452
-0.0108
-1.0951
-0.9204
-0.0248
0.0759
-0.1230
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Figure 3. The continuation of the parameter ¢ reveals the occurrence of a forward bifurcation.

eigenvalues of J(E)) possess a negative real part if
Ry < 1, which proves local asymptotic stability of
Ey. Conversely, if Ry> 1 J(Ey) exhibits a positive
real eigenvalue, indicating that the DFE is unstable.

Theorem 4. If R < 1 and
=0 _o B~ < o, then the disease—free
equilibrium £, is globally asymptotically stable in
the feasible region Q= {(S, V, E, [, T, ) >0: S+ V
+E+I+T+R< 1.

(a+u)D pr T

Proof. Condition p = TS <0
guarantees no positive root of the quadratic (4)
when Ry < 1. On this side, we will prove that the
disease-free equilibrium is not only local but global.
Define a linear Lyapunov function

L(E])=aFE + bl

with positive constants a, b to be fixed.
Differentiate along trajectories:

L=a(B(S + (1 -WI-(a+pE)+blak - DI)

=(f(S + (1 -e)V)-bD) + (-a(a + u) + ba)E.
Choose a= :T‘; so that the coefficient of E
vanishes. Then:

f.=b[

Since S scales linearly with R,, one checks that
for every ¢,

%ﬂﬁ(s(r) +(1—€)V(t))—D < D(R, — 1).

Substituting into L gives:

L<bD (Ry-1)1I.

Therefore when Ry < 1 we have L < 0 on all Q
(and L = 0 only when I = 0).

The set of possible states, denoted by 0, is
compact and positively invariant. The function L is
and has a well-defined

always nonnegative

minimum in terms of the infected wvariables.
According to LaSalle’s invariance principle, every
trajectory will eventually reach the largest subset of
L = 0. From the earlier analysis, when L=0,it
means / = 0. This leads to the conclusion that the
exposed population £ = 0. We find that 7 — 0, R
— 0. Meanwhile, the subsystem involving the
susceptible (S, V)

converges to (So,Vy). Therefore, every solution

and vaccinated populations

within Q converges to the disease-free equilibrium
E,. This completes the proof.

Next, we prove the global stability of the
endemic equilibrium point.

Theorem 5. The endemic equilibrium point £* =
(S*, Vv* FE* I* T* R*) of (1) is globally
asymptotically stable when Ry >1.

Proof. Consider the Volterra—tycpe Lyapunov
function

[§) PANDAWA
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Figure 4. Simulation results with and without control strategies for the Exposed and Infected individuals.

V=
Xe{5V.ELT.R}

* * X
ay(X—X*"—-X ERF]J

with positive weights

as=pr*, ay=1 - e)pl*, ag=a, a;= D, ar= 7,
ag = o.

Each term x - x* - x*ln(x/x*) is nonnegative on
Rs" and vanishes iff x = x* Differentiating along
(1) at E*,

BSE* + wS* = (6 + WR* + uS* (1 - e)pV** +
wr* = wS* (a + wWE* = pr+(S* + (1 - eV* DI* =
oE* (v + pu +v)T* = pyl* (o + WR* = tT*,

we obtain after grouping terms:

V=—(o+p)a¥Z)—na, (o) — (@+n) ag ¥(2) — D a; ¥(3)
~(r V) ar P — (0 + k) ag P(5),

5 \4 E I T R
= -G ‘1’(57) -G IP(F) =G IP(E) =G l’u(F) =G l’”(;) =G W(EJ‘

for some positive constants C; depending on
parameters and E*, where Y(u) =u-1-Ininu 0.
Hence V <0 on Q.

Since Y(u) = 0 iff u = 1, the largest invariant
subset of {V =0} is characterized by:

S_V_E_I_T_R_,

s v E TR
that is, the singleton £*. Because solutions with /
(0) > 0 remain in £, LaSalle’s invariance principle

implies (S, V, E, I, T, R)(t) converges to £*.

2.3. Bifurcation analysis

In a disease transmission model, the basic
reproduction number, R, serves as a key threshold
parameter for determining whether an infection can
invade or persist within a population. The disease-
free equilibrium is generally expected to be stable,
implying that the disease will eventually die out if
Ry < 1. However, under certain conditions, the
system may exhibit more complex behavior, in
which the relationship between R, and disease
persistence is not straightforward. In this section,
we will explore the bifurcation phenomenon
associated with system (1). To examine the
qualitative dynamics of the model, a bifurcation
analysis is performed using the center manifold
theorem.

The bifurcation analysis is performed with
respect to the vaccine effectiveness parameter e,
which is selected as the primary bifurcation
parameter to investigate qualitative changes in
system behavior. By choosing ¢ as the bifurcation
parameter, setting Ry, = 1 yields the following
result:

(6)

s=s*=l—i($—lj,

with:

o= Lad
Tt a+rmEy+(1-p)+u)

[§) PANDAWA
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At the DFE E, = (S, Vo, 0, 0, 0, 0), the Jacobian
J(Ey, €*) exhibits a simple zero eigenvalue at ¢ =
e*, while all other eigenvalues are negative. Let w =
(wy, wa, ..., ws)T and v = (v, va, ...., v6)T represent
the corresponding right and left eigenvectors linked
to the zero eigenvalues. Direct calculation, choosing
the free scale w, = 1, yields the relationship.

_BSe+ (1-€9)BY __py
Wy = ————————w,, Wy =—_————w,
a+u T+v+u

—[B5; wy + owg wwy — (1—&")BV; wy
wy = = .

_(A—p)Sw, + 1wy
We = o+u

w+p ’ : u

Similarly, the left-eigenvector of the Jacobian
matrix J(E,, €*) that fulfills the condition v.w = 1
is:

a -
v=(00,——,1,00)7,
a—+p

so that, we have vg = v; = a/(a. + u) > 0.
Now, following Castillo-Chavez and Song [18],
we calculate the coefficients a and b as follows:

&

. - .
8*f, ) o°fi .
a= Z Ukwa%-w‘;;}_(fo,s ). b= Z vkwew_;s(ﬁo,s )

ki =1 ki=1

Taking into account that the only nonzero second
derivatives of the vector field come from the terms
BSI and (1 - €)BVI, then substitution of vi = v, = 0
and v, = :«# , we obtain:

a = pve(wi + (1 - e*)w), b. = -BVov,

where vz = -~ For the unfolding = 1 - & (which
increases transmission as 5 grows) we have b, = -b,
= BVove > 0.

According to the center-manifold theorem and
traditional one-dimensional normal form analysis,
when f, > 0, the sign of a defines the type of
bifurcation: ¢ > 0 means a subcritical (backward)
bifurcation, whereas ¢ < 0 means a supercritical
(forward) bifurcation. Substitute the expressions for
We, Wi, Wy (With wy = 1) into a = fve(w; + (1 - %)
w,), we get:

S TAnT X

Where Q1 = (t + v + u) (o + u) and the
numerator:

N = (60>~ BSeO)( + (1 - e¥w) - (1 - e¥)’BV,
(0 + 0.

with O, = (1 - p)o(r + v + u) + py. Because S >
0, vg > 0, and all denominator factors u, (v + w), O;
are strictly positive for admissible epidemiological
parameters, hence sign(a) = sign(N). Therefore the
model admits a backward bifurcation at ¢ = e* iff N
> 0, and a forward bifurcation iff N <0.

We have reached the following conclusion.

Theorem 6. System (1) at Ry = 1, exhibits a
backward bifurcation whenever the inequality N >0
and a forward bifurcation whenever N < 0.

It should be noted that backward bifurcation only
occurs if A, > 0, in which case the condition of
Theorem 2(iii) is satisfied. If the condition of
Theorem 2(iii) is not satisfied, then parameter
continuation will indicate a forward bifurcation.
Bifurcation analysis identifies critical thresholds in
vaccine effectiveness that determine whether
tuberculosis will persist or disappear, providing
insight into the structural role of vaccination in
disease elimination. Motivated by this threshold
behavior, we next formulate an optimal control
problem using time-dependent vaccination rate and
treatment adherence controls to design practical
intervention strategies that aim to drive the system
toward a disease-free equilibrium in a cost-effective
manner.

2.4. Optimal Control Problem for Vaccination and
Treatment

We extend the system (1) to the optimal control
problem. The optimal control problem is formulated
by introducing time-dependent vaccination and
treatment-adherence controls and minimizing an
objective functional that balances the cumulative
number of exposed and infectious individuals with
the implementation costs of the control measures.
Let u;(¢) be the vaccination control rate varies with
time and u,(f) the treatment control (per-capita
treatment intensity for the fraction p that becomes
treated). For ¢ € [0,4] the corresponding state
controlled system is:

S=A-pSI-uy()S+oR-uS, V=u()S-(1- ¢
BVI - uV, E = BSI + (I - e)BVI - (o + pE, [ = aF -
(ua(t) + (1 - 9)6 + ), T = yur()] - (x +  + V)T, R
=1T- (6 + PR, (7

with nonnegative initial state x(0) = (So, Vo, Eo,

[5D PANDAWA
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Iy, Ty, Ry) € Q, where the feasible set is:
Q={(x>0:S+V+E+I+T+R< A/ u}.
We minimize the cost:

Hunin) = [ (AE(l) + AI(E) + V2 Bun(ey’ + V2
Byux(1)*) dt, (8)

where 4, A, > 0 are weight constants related to
the epidemiological burden of £ and /, and B, B, >
0 are the relative costs of implementing the
controls. Here, the weighting coefficients represent
the relative importance of reducing disease burden
versus intervention costs. In other words, we want
to find the best controls u;* and u,* that:

J(upuz) = rr}irév,'(ul, ;) 9)

Where U is the set of admissible controls defined
by:
U= {(u,u2):u; € L7(0,8), 0 < uy () < Uy, 0 < us(f) <
UZ}a

With U,U, > 0 representing the maximum
feasible effort for vaccination and treatment
adherence.

Pontryagin’s maximum principle is employed to
derive the corresponding adjoint equations and
characterize the optimal controls subject to bounded
control constraints. To use Pontryagin’s maximum
principle, it is necessary to convert the system (7)
and the objective functional (8) into a pointwise
Hamiltonian, denoted as H, in relation to (u, u;).
This gives us

H = A\E + A + VaBuy” + YaBouy™ + A(A - BSI - u,S
+ oR - uS) + Ay(urS - (1 - VI - uV) + AE(BSI + (1
- OPVI - (a + WE) + Afak - (yuz + (1 - 9)d + p@)l) +
M(yuol - (T + u + V)T) + Ap(zT - (o + wR). (10)

If (u*, w*, x*) is optimal then there exists
absolutely continuous adjoint functions A(f) = (As,
Ay, Mg, A, Ap, Ag) satisfying —i=rn a.e.,, with
transversality conditions A,(ty) = 0 for all i.

For the existence of optimal controls for model
(7) alongside equation (9), we claim the optimal
solution of system (7) in Theorem 7 below.

Theorem 7. There is an optimal control u;*, u,*
that corresponds to the best solution (S*, V* E* I*
T* R*) that minimizes the objective function (9)
over U.

Proof. Taking the partial derivative of the
Hamiltonian H with respect to the state variables
gives us the adjoint system

—dg = Ag(—BI—uy — p) + Apuy + ABL —Ay = Ap(—(1— )BT — ) + Ag(1 —

L=y = A +Ag(—a—p) + Aa,—Ay = A, — ABS —Ay(1— )V + Az (BS + (1 —
€)AV) (= (1= 1Y) =) + Apyitg,—Ay =Ap(~T—p—v) + AaT,—dz =
Ao+ Ag(—o— ),

with A(#) = 0.
Differentiating the Hamiltonian with respect to
controls and imposing stationarity leads to the
condition of optimal controls
aH oH

?{,1 =Bu, +(—As+4,)5= O,au: =Byu, +y(—4,+ i) =0.

Thus, the pointwise optimal controls are

1) - OIOO § ) _YOO L)

Since 0 < u; < U, we get

(As(t) = Av(1)) 57(8)

A —i I
5 Vaty(t) = Mgy, (P AT IO,

() =1,
u(t) [o,y;]( B,

where [lj,p(z) = min{b, max{az}}. This

completes the proof.
3. RESULTS AND DISCUSSIONS

To verify the analytical results presented in the

Table 3. Strategies I-11I are arranged according to the ascending number of averted infections.

Strategy Total cost (IDR) Total cases averted ACER ICER
Without control 4.4163x10° 0 - -
Strategy II 4.5707x10° 1.5355x10° 297.67 10.054
Strategy III 2.8465x10° 3.4386x10’ 8.2781 -4.5653
Strategy I 3.0882x10° 3.4851x107 8.8613 -3.8106
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previous section, we conducted numerical
simulations of the SVEITR model. The first set of
simulations focuses on the model without control,
aiming to illustrate the stability properties of the
equilibrium points and to visualize the bifurcation
phenomena that occur when key parameters vary.
The second set of simulations examines the model
with optimal control, demonstrating the effects of
implementing control strategies on the transmission
dynamics of tuberculosis.

3.1. Numerical Results of the Model without
Control Optimal

For the purpose of simulations, parameter values
were obtained from previously published literature
and Indonesian national data sources, rather than a
complete parameter calibration performed in this
study.  Specifically, some epidemiological
parameters were adopted from previous work [19],
where the authors estimated model parameters
using Indonesian tuberculosis data. Demographic
parameters were obtained from Central Bureau of
Statistics of Indonesia (BPS) [17], while
tuberculosis-related parameters were informed by
reports from the Indonesian Ministry of Health [20].
We note that national TB data may be affected by
underreporting and delayed diagnosis; therefore,
this analysis emphasizes qualitative dynamics rather
than precise quantitative predictions. In the first
numerical simulation, we verified the stability of
the disease-free and endemic equilibrium points by
examining the system trajectories at different initial
conditions. This provides dynamic confirmation of
the analytical stability criterion obtained through
the basic reproduction number R,. Secondly, we
investigate the bifurcation behaviour of the system
related to the reproduction number and vaccine
efficacy parameters. In particular, we examine the
occurrence of transcritical branching, where
equilibrium stability reverses when R, exceeds one.

Meanwhile, BCG is highly effective against
severe forms of TB in children when administered
shortly after birth, with this protective effect
potentially lasting up to ten years. However, its
efficacy against pulmonary TB in adolescents and
adults varies widely and generally declines over
time [21]. Because the BCG vaccine is generally
administered only to children and there is no

revaccination program for adults, overall

effectiveness is determined by a combination of the
proportion of children in the population, the
coverage rate and the
effectiveness in children. Based on the census
conducted by the Central Bureau of Statistics of
Indonesia in 2022 [17], children under 10 years of
age represent 16% of Indonesia’s total population.

vaccination vaccine

Assuming a vaccine efficacy of 0.8, which covers
90% of children, this simulation selects vaccine
effectiveness and vaccination rates of 0.12 and 0.72,
respectively. These values are treated as illustrative
baseline estimates reflecting current BCG coverage
rather than precise population-wide measurements.
The parameter values used in the simulation are
summarized in Table 1. Robustness regarding
tested through
of the vaccine efficacy

vaccination  assumptions s
bifurcation analysis
parameter e. This serves as the main branching
parameter of the model, while f and w remain fixed
at their fundamental values. By varying € over a
biologically relevant range, we demonstrate forward
bifurcation and identify a critical threshold at which
tuberculosis elimination can be achieved. This
suggests that the qualitative system dynamics and
comparative effectiveness of intervention strategies
are robust to fluctuations in vaccine efficacy.

By using the parameter values in Table 1, we
obtain Ry, = 2.0903 > 1 so that the disease-free
equilibrium point E, is unstable and there is only
one endemic equilibrium point £* which is globally
asymptotically stable. Figure 2 demonstrates that,
given the parameter values in Table 1, the phase
portrait verifies the asymptotic stability of the
endemic equilibrium. Biologically, irrespective of
the initial size of any sub-population, tuberculosis
will continue to persist within the society. To
eliminate an endemic, the basic reproduction
number R,
Mathematically, this can be achieved by varying the
parameter values in the model. The parameters most
suitable for intervention can be identified through

must be reduced to below one.

sensitivity analysis, which evaluates how changes
in each parameter influence the value of R,.

The for each model
parameter are presented in Table 2. Although the

sensitivity index Ry
sensitivity index /S (the transmission rate of the
infected population) is equal to one, indicating the
highest sensitivity, we did not focus on variations in
this parameter in our analysis. This is because
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Table 4. Comparison between strategies I and III.

Strategy Total cost (IDR) Total cases averted ICER
Strategy 111 2.8465%10° 3.4386x10’ 8.2781
Strategy I 3.0882x10° 3.4851x107 51.961
modifying the transmission rate has been vaccination programs should not be limited to

extensively explored in previous studies and, in
practice, requires stringent behavioral or social
interventions that are difficult to maintain.
Similarly, the parameters recruitment rate (4) and
the natural death rate (x) also exhibit high
sensitivity indices. However, it is not realistic to
manipulate these values, since they are intrinsic
demographic factors beyond the scope of public
health interventions. Furthermore, there are also
parameters with high sensitivity indices, namely
treatment rate (y) and patient adherence to therapy
(p). However, even when these parameters are
increased to their maximum value (-1), the basic
reproduction number (R,) remains greater than one.
This suggests that relying solely on transmission
reduction or treatment-based interventions will still
be insufficient to eliminate TB. Therefore, in our
simulations, we focused on variations in the vaccine
effectiveness parameter (¢) to investigate its impact
on system dynamics, particularly changes in R, and
the occurrence of bifurcation.

Continuation of the parameter ¢, using the
parameter values in Table 1, yields a bifurcation
coefficient of N = -11.39109 < 0. According to
Theorem 6, the bifurcation that occurs is a forward
(supercritical) bifurcation. This result implies that
as € passes its critical value, the system transitions
smoothly from an endemic to a disease-free state,
and the endemic equilibrium disappears for higher
of e. Biologically, this implies that
increasing vaccine effectiveness above a critical

values

threshold can stabilize the disease-free equilibrium,
while also providing theoretical support for an
effective strategy for disease elimination by
intensifying vaccination efforts. Figure 3 shows the
occurrence of a forward bifurcation at Ry, = 1,
corresponding to a critical vaccine effectiveness of
& =0.58901. This finding emphasizes that achieving
disease elimination requires a sufficiently high level
of wvaccine effectiveness. These results also
that  tuberculosis

strengthen  the  argument

children. Because adults also play a critical role in
the dynamics of disease
development and implementation of an effective TB
vaccine for the adult population is

transmission, the

crucial.
Therefore, research efforts and public health
initiatives that aim to discover, improve and
distribute a TB vaccine for adults need to be further
intensified to ensure long-term control and eventual

eradication of this disease.

3.2. Numerical Results of the Model with Control
Optimal

We used the forward-backward sweep technique
as described previously [22], which is very common
in the literature on optimal control problems, to find
the optimal trajectories of the optimal system. We
set U; = 0.9 for control with vaccination, assuming
that the vaccine is not yet fully effective and people
are less aware of the need for vaccination, and U, =
0.9 for maximum control, assuming that it is hard to
get people to stick to their medication. We will
focus on comparing the three control strategies.

i. Strategy I: Combination of vaccination and
treatment. Here, u; and u, are set as control
variables.

ii. Strategy II: Vaccine intervention as the only
control. In this case, only u; is taken as the
control variable.

iii. Strategy III: Use medication adherence as a
control, so only u, is the control variable.

To study the dynamics of exposed, £ and
infected populations, /, numerical simulations were
performed using four scenarios: (i) without control,
(i1) strategy I (two controls u; and u, applied
simultaneously), (iii) strategy II (only u,;), and (iv)
strategy III (only u,). Figure 4 shows that the
without control scenario leads to an increase in the
number of individuals in compartments £ and /
over time, indicating uncontrolled disease spread.
Meanwhile, the simultaneous implementation of
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strategy 1 (two controls) results in a significant
decrease in the number of individuals in
compartments £ and I. The curves for £ and [/
decrease more rapidly and stabilize near zero by the
end of the simulation period, indicating that the
combination of vaccination and treatment is
effective in  suppressing transmission and
accelerating population recovery. Implementation
of strategy Il (controlling only u;) also shows a
decrease in the number of cases of E and [
compared to without control, although not as
optimal as strategy 1. Strategy III (controlling only
u) has the smallest impact in reducing £ and /. The
graph shows a relatively slow decrease in cases,
especially in the compartment /, indicating that
treatment alone is insufficient to control the
outbreak in the considered time period. These
results suggest that the simultaneous use of two
control strategies yields the most effective results in
reducing the number of individuals exposed and
infected compared to using a single control strategy
alone.

3.3. Cost-effectiveness Analysis

Following previous studies on disease modeling
and optimal intervention design [15][23]-[25] a cost
-effectiveness analysis (CEA) was performed to
assess the economic implications of the proposed
control strategies. The cost-effectiveness of each
control strategy was
quantitative indicators:
averted, the average
(ACER), and the incremental cost-effectiveness

evaluated wusing four
total
cost-effectiveness

total cost, cases

ratio

ratio (ICER). The total cost associated with a given
control strategy (u; u,) is defined in Equation (11):
Tc Iﬁff(cl uy (8) S() + ¢ up (2) 1(2)) dt, 11
Where ¢; and ¢, represent the unit costs of
vaccination and treatment, respectively. The total
number of cases averted, which measures the
epidemiological effectiveness of the intervention, is
given by Equation (12):
TC = J‘O‘tf (IO(t) - Iul,uZ (t)) d[, (12)
Where [y(f) and 1,5, (f) denote the infected

populations in the absence and presence of controls,
respectively. The ACER quantifies the average cost

per case averted and is computed as below.

ACER =1E. (13)
To compare alternative strategies, the ICER is
employed, defined as:

ICER, ; = ;?_—;‘L (14)

which expresses the additional cost required to
avert one additional case when moving from
strategy i to strategy j. A negative ICER value
indicates that the new strategy is dominant,
meaning it is both more effective and less costly
than the alternative.

Using Equations (11)—(14), the results of the cost
-effectiveness analysis are summarized in Table 3.
In this study, the cost of vaccination per individual
was assumed to be IDR 150,000, and the cost of
care per infected individual was set at IDR 365,000
per person per year. Due to the lack of officially
published per-unit cost data for TB vaccination and
treatment at the national level, the authors assumed
the costs of wvaccination (IDR 150,000 per
individual) and treatment (IDR 365,000 per patient
per year) as representative baseline values within
commonly reported ranges. These values are
intended to provide illustrative estimates of
comparative cost-effectiveness rather than precise
economic evaluations. Based on Table 3, the total
cost for the without-control scenario was IDR
4.4163 x 10%, representing the total health burden
attributable to infected, [
individuals. strategy I

exposed, FE and
Implementation  of
(vaccination only) increased the total cost to IDR
4.5707 x 10*, indicating that vaccination as a stand-
alone intervention resulted in higher expenditures
with only modest health benefits. Conversely,
strategy Il (improved treatment adherence)
significantly reduced the total cost to IDR 2.8465 x
10%, indicating that improved treatment adherence
not only reduced the disease burden but also
generated relatively substantial cost savings.
Combined control (strategy I, vaccination plus
adherence to treatment) also resulted in cost savings
compared to baseline (IDR 3.0882 x 10*), although
cost savings were slightly lower than those of
strategy III alone. In terms of prevented cases,

strategy II prevented approximately 1.5355 x 10°
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cases, while strategy III prevented approximately
3.4386 x 107 cases, more than twenty times more
effective than vaccination alone. Combining these
two interventions further improved health outcomes
by preventing an additional 4.65 x 10° cases
compared to strategy III, but at a significantly
higher cost.

The ACER highlights this
efficiency. Strategy Il required 297.67 cost units per
case prevented, which is relatively inefficient

difference in

compared to Strategy III’s 8.2781 cost units per
case prevented. The combined strategy had an
ACER of 8.8613, slightly less efficient than
strategy III alone, reflecting the diminishing returns
of adding vaccination to an already effective
treatment program. The ICER confirmed these
findings. Strategy II had a positive ICER (10.054),
indicating that it was more expensive and only
slightly more effective than the baseline strategy. In
contrast, strategy III has a negative ICER (-4.5653),
indicating that it is dominant, being simultaneously
more effective (more cases prevented) and less
costly than no intervention. Strategy 1 also
demonstrates dominance over the baseline (-
3.8106), but its cost savings are lower compared to
strategy 1II. Pairwise comparisons show that
strategy III strictly dominates strategy II, as the
shift from vaccination to treatment adherence
simultaneously reduces costs and prevents more
cases. Consequently, strategy Il was eliminated
from the list of potential control strategies. The
ICERs for strategies III and I were then
recalculated, and the results are presented in Table
4. Adding vaccination to strategy III, thus becoming
strategy I, provided only marginal additional health
benefits at a significantly higher cost, resulting in
an ICER of 51.961 per case prevented.

These results indicate that increasing treatment
adherence (strategy III) is the most cost-effective
intervention, most

providing  the significant

decrease in disease burden at the lowest cost. The
integration of vaccination with treatment adherence
can be considered if sufficient resources are
available and decision-makers are willing to pay for
the additional benefits, but vaccination alone is not
recommended because it is neither cost-saving nor
highly effective.

To evaluate the robustness of the cost-
effectiveness results, a simple sensitivity analysis
was conducted by varying the costs of vaccination
and treatment. We considered two scenarios.
Scenario 1 increased vaccination costs by 50%,
while treatment costs were reduced by 25%. In
scenario 2, vaccination costs were reduced by 25%,
while treatment costs were increased by 50%. The
results of this analysis are summarized in Table 5. It
can be observed that strategy III consistently
produced negative ICER values across all scenarios.
This indicates that strategy III remains dominant,
meaning it is both cheaper and more effective than
the alternative strategies. Although strategy I also
produced negative ICER values, it incurs higher
costs, but the number of cases prevented did not
increase significantly compared to strategy III.
Therefore, this strategy can be considered weakly
dominated. Meanwhile, strategy I showed relatively
high ICER values across all scenarios, indicating
that it is not cost-effective. These results indicate
that strategy III's dominance remains across all
tested scenarios, thus strengthening the reliability of
the policy recommendation.

4. CONCLUSIONS

This study develops and analyses the SVEITR
model to investigate the dynamics of tuberculosis
in Indonesia and evaluate cost-
strategies. This analysis
shows that the global disease-free equilibrium is

transmission

effective intervention

asymptotically stable when the basic reproduction

Table 5. Sensitivity analysis of ICER under different cost scenarios.

ICER
Strategy - -
Baseline Scenario 1
Strategy 11 10.054 20.2380
Strategy 111 -4.5653 -4.9999
Strategy [ -3.8106 -3.7751

: Interpretation
Scenario 2
4.9627 Not cost-effective
-3.6962 Dominant
-3.1999 Weakly dominated
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number Ry, < 1. Bifurcation analysis of vaccine
efficacy shows a forward bifurcation, suggesting
that tuberculosis elimination can be achieved
without bistability when vaccine efficacy exceeds a
critical threshold. This means that a sufficiently
strong vaccination effort can reliably eliminate the
disease regardless of initial conditions. Optimal
that
interventions in vaccination and compliance can
effectively reduce exposure and infected
populations. Numerical simulations show that a

control analysis shows time-dependent

combination of vaccination and compliance
accelerates the approach to disease-free equilibrium
and has the greatest epidemiological impact. These
results are consistent with theoretical bifurcation
analysis, where strong combined interventions shift
the system into the Ry, < 1 region. From an
economic  perspective,  cost-benefit  analysis
provides clear policy-relevant insights. Based on
the assumed unit cost values, increased compliance
alone was found to be the most economically
efficient strategy,

effectiveness ratio (ACER = 8.28) and a negative

with a low average cost-

incremental cost-effectiveness ratio (ICER = -4.57),
indicating superiority over the no-control scenario.
Vaccination as a single intervention was
significantly less cost-effective (ACER = 297.67).
The combination of vaccination and compliance
further reduced the burden of TB, but resulted in
significantly higher additional costs (ICER = 51.96
per additional case prevented). These results
suggest that in resource-limited settings, prioritizing
treatment adherence has the greatest impact on
health per unit cost, whereas combination strategies
may be justified when additional resources are
available and higher willingness-to-pay thresholds
are acceptable. Several limitations of this study
should be acknowledged. The model assumes
homogeneous mixing and does not explicitly

incorporate age structure or socioeconomic
heterogeneity, which may affect tuberculosis
transmission dynamics and intervention
effectiveness. Furthermore, uncertainty in the

assumed cost parameters and epidemiological
estimates may influence the quantitative results.
Future research should expand the model to include
stratified by spatial  or

socioeconomic structure, and more accurate cost

populations age,

data to further enhance its relevance for national
tuberculosis control policy.
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