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Abstract

In this study, we study and discuss a new truncated flexible distribution named the truncated transmuted exponential distribution.
The probability density function of the new suggested model is decreasing, but its hazard rate function is increasing. Some
fundamental statistical properties of the new distribution are computed such as moments, incomplete moments, moment generating
function, quantile function, mean residual lifetime, mean past lifetime, order statistics, and extropy. Various approaches of
estimation are considered include maximum likelihood, least squares, weighted least squares, Cramér-Von-Mises, maximum
product of spacings, Anderson-Darling, right-tail Anderson-Darling and percentile methods. A simulation study is established to

assess the accuracy of estimates through some measures.

The importance of the truncated transmuted exponential model is

demonstrated using real lifetime data, and its goodness-of-fit is evaluated against alternative models. This study offers a more

accurate match to the data compared to other competing models.

Keywords: transmuted exponential distribution, quantile function, maximum likelihood method, simulation

1. INTRODUCTION

Developing and analyzing lifetime data are
crucial in various practical domains including as
health, engineering, and economics. Data have been
analyzed using different lifetime distributions. The
chosen probability model or distribution greatly
influences the efficacy of the methods employed in
a statistical analysis. As a result, significant effort
has been dedicated to developing extensive
categories of traditional probability distributions
together with relevant statistical methods. There are
several important difficulties when the actual data
does not align with established or conventional
probability models [1].

A well-established technique for creating new
families of distributions with greater flexibility is to
add parameters to an existing distribution. Shaw
and Buckley were the first to propose adding a new
parameter to an existing distribution to provide
more distributional flexibility [1]. This approach is
intriguing. They also employed the quadratic rank
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transmutation map, or QRTM, to construct a
flexible family of distributions. The generated
family, also known as the transmuted extended
distribution, integrates the parent distribution as a
specific instance and offers additional flexibility in
representing various types of data.

The family of transmuted distributions has been
widely studied in recent years. Shaw and Buckley
introduced the concept of the transmuted
distribution, which is a pretty simple idea [1].
Transmuted distributions have garnered significant
interest in the field of statistics since then, leading
to the development of various transmuted-type
distributions by different authors, derived from
established models. For instance, the transmuted
Rayleigh distribution considered by Merovci [2],
the transmuted modified Weibull model discussed
by Khan and King [3], the transmuted inverse
Weibull distribution presented by Khan et al. [4],
and the
distribution with four parameters investigated by
Adeyinka et al. [5]. On the other hand, the

transmuted Pareto distribution was discussed by

transmuted generalized log logistic

Merovci and Puka [6], a new cubic transmuted
power-function distribution was submitted by
Ahsan-ul-Haq et al. [7], the performance of
transmuted logistic distribution was proposed by
Samuel [8], a transmuted modified power-generated
family of distributions with practice on sub models
in insurance and reliability was introduced by Naz
et al. [9] transmuted Gumbel type-II distribution
with applications in diverse fields of science by

Ahmad et al. [10]. Aryal et al. have researched the

[5D PANDAWA


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.47352/jmans.2774-3047.306
https://crossmark.crossref.org/dialog/?doi=10.47352/jmans.2774-3047.306&domain=pdf&date_stamp=2025-09-24
https://creativecommons.org/licenses/by/4.0/

J. Multidiscip. Appl. Nat. Sci.

1.0

08

F(x)
06

04

02

0.0

00 02 04 06 08 10

Figure 1. Graphs of the CDF and PDF for the TTE model with varying parameters values.

transmuted Gumbel distribution and found that it
can be used to represent climate data [11]. Aryal
and Tsokos [12] developed the transmuted Weibull
model by applying the quadratic rank
transmutation map on the Weibull distribution [12].
They examined the mathematical properties of this
distribution and calculated the maximum likelihood
estimates of the parameters. When applied to real
data sets, it was shown that the transformed
distributions exhibited greater flexibility compared
to the original distributions. Eldessouky et al.
introduced the transmuted power unit inverse
Lindley distribution [13]. Badr et al. discussed the
transmuted odd Fréchet-G family of distributions
[14]. Elgarhy et al. proposed the transmuted
Kumaraswamy quasi-Lindley and transmuted
Kumaraswamy Lindley distributions [15][16].

A random variable X is said to have a transmuted
exponential (TE) distribution if its probability
density function (PDF) and cumulative distribution
function (CDF) are respectively given by Equations
| and 2;

1z I
(i 0,7) = ge s[1-2+22e78], x>0,0>0l1=1 (1)

F(x;8,0) =1 - e_g] [t +1e‘§], x>06>011=1 (2)
where, 0 is the scale parameter and A is the
ransmuted parameter.

Truncated distributions are commonly used in
scientific disciplines such as
communication networks, economics, hydrology,
material and physics. A truncated

various

sciences,

distribution occurs when the original distribution is
limited to a smaller range of values. Truncated data
is a well-recognized issue in the field of reliability,
particularly when assessing failure rates of objects.
Truncation refers to the limitation on obtaining
information about items that are outside a specific
scope. Truncation in manufacturing involves
selecting a smaller set of goods from a broader
population after eliminating those that did not fit the
requirements [17].

The shortened versions of typical statistical
distributions are suggested to address the analysis
of truncated data in several domains. Singh et al.
examined the truncated Lindley distribution [17].
Ahmed et al. explored the application of the
truncated Birnbaum-Saunders (BS) distribution to
improve an actuarial forecasting model, particularly
for analyzing data related to insurance payments
with deductibles [18]. Aban et al. [19] and Zaninetti
et al. [20] examined how the truncated Pareto
distribution can be used for statistical analysis of
star masses and asteroid sizes. Various uses of the
truncated Weibull distribution have been identified,
such as analyzing tree diameter data at a specific
threshold
distribution, characterizing recorded Portuguese fire
size distribution, and analyzing seismological data.
Readers seeking more information on the truncated
Weibull distribution and associated references can
refer to Murthy et al. [21] and the new work by
Zhang et al. [22] which focuses on the truncated
Weibull distribution. Lately, Elgazar et al.
discussed the truncated version of the moment

level, modeling forest diameter
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exponential distribution with its properties and
application [23]. Hussein and Ahmed suggested the
idea of the truncated Gompertz-exponential on the
interval [0,1] with specific characteristics and
practical uses [24]. Almarashi et al. discussed a
novel truncated Muth produced family of
distributions [25]. A new zero-truncated distribution
and its application to count data is discussed by
Elah et al. [26]. Ahmed et al. proposed the truncated
inverse power Ailamujia distribution with its
properties and applications [27]. Semary et al.
discussed the univariate and bivariate extensions of
the truncated inverted arctan power distribution
with applications [28]. Elgarhy et al. studied
bayesian and non-bayesian estimations of truncated
Lindley distribution under
progressively  type-Il  censored data  with
applications [29]. Elgarhy et al. introduced bayesian
inference using MCMC algorithm of sine truncated
Lomax distribution with application [30]. Alotaibi
et al. proposed the truncated Cauchy power Weibull
-G class of distributions with bayesian and non-
bayesian inference modelling for COVID-19 and
carbon fiber data [31]. Soliman et al. discussed the

inverse  power

statistical properties and applications of a new
truncated  Zubair- of
distributions [32].

This work aims to present a novel truncated

generalized  family

distribution called the right truncated transmuted
exponential (TTE) distribution. We determine basic
characteristics of the new model and investigate
several techniques for estimation. This article seeks
to accomplish the following objectives construct a

new flexible distribution that can display decreasing
data. Its hazard rate function (HRF) can be
increasing, to establish and calculate some of the
key properties, including moments,
incomplete moments, moment generating function,

statistical

quantile function, mean residual lifetime, mean past
life time and order statistics, and to obtain the point
estimators of the unknown parameters of the TTE
model using the maximum likelihood (ML), least
square (LS), weighted LS (WLS), maximum
product of spacings (MPS), Cramér-Von-Mises
(CM), Anderson-Darling (AD), right-tail Anderson-
Darling (RAD) and percentile (P) estimation
methods. Through the implementation of the Monte
Carlo simulation approach, the accuracy of the
proposed model estimates is evaluated; to examine
the practical significance of the model suggested,
three different real-world datasets are used to
compare it to well-known alternatives.

2. TRUNCATED TRANSMUTED
EXPONENTIAL DISTRIBUTION

The PDF of a random variable X, which follows

the right truncated transmuted exponential
distribution can be expressed as Eq. 3.
f) A x =
frre(x,0,4) = — =—e 0|1 —-A142e 8|,
Jo FGdx 0 [ ]
0<x<18=>0|1 =<1, (3)

1

where, A= — .
[1 — 375} [1 +Re7§]

1.0

08

086

S(x)

04

0.2

0.0

00 02 04

X

08

Figure 2. The graphs of reliability and HRF of the TTE distribution for several values of parameters.
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The CDF related to (3) is given by:

Fros(r,0,2) = L0 ZFQ@OD _ [1 —%] [1+/1 ‘JE(]
e T = 16, ) — F(0,6,1) ¢ g

0<x<1,6>0] =<1 4)

Figure 1 displays the graphs of the PDF and CDF
for the TTE distribution with various values of 6
and A. The PDF of the TTE model may exhibit a
right-skewed distribution.

The reliability function and HRF of the TTE
distribution can be expressed by using PDF (3) and
CDF (4) respectively as follows:

x x
Srrs(6,6,) = 1= Frpp(x,0,0) =1 - A[1 - e 78] [1 + 2¢7],
and

_ frre 0.4 %e-é [1-2+ zzg%]
D -l e e ]

hyrg(x, 6, 4)

Figure 2 illustrates the reliability and hazard rate
functions over various values of 6 and A, showing
their characteristics. The curve of the HRF of the
TTE model can be either increasing or J-shaped.

Also, the reserved HRF and cumulative HRF can
be determined respectively as follows:

frre(x;6,2) %e_g [1 — A+ ZEe_E]
Trrp(;60,4) = Frre(:0,) [1 _e_%] [1 +Ae_g] )

and

Hprg(x;6,4) = — lOg(STTE(xie.ﬂ))
=— log(l —A [1 - e%] [l +Ae%]).

3. BASIC PROPERTIES

This section presents certain statistical features of
the TTE distribution. These properties are studied
respectively, such as the moments, moment
generating and characteristic functions, incomplete
moments, Lorenz and Bonferroni curves, quantile
function, mean residual lifetime, mean past lifetime,
order statistics and extropy.

3.1. Moments and Associated Measures
As the moments are fundamental and significant

in any statistical study. So, we calculate the "
moment of the truncated transmuted exponential
distribution. Let X has the PDF (3), then p,. is
determined as Equation (5).

= flxrfrrg(xi 6, Ddx
Ao 1 x X
:ELx’"e 9[1—24—213 Q]dX. (5)
= AO" [(1 —A) [F(r +1)-r (r + 1.%)]

+A27" [F(r +1)-r (r - 1%)]]

The mean and variance of TTE distribution can
be determined as:

wms=sola-i-r(23)]+5[1-r :3)]

and
o2 =V(X) = EX?) — (E®)’,
o nfe-r (] 26

e |

By substituting in equation (5), we can
determine E(X?), E(X°) and E(X") as follows:

ey - aor|a- 0 [ (ag)] 452 r (o3

o) = a0 o (s )]+ io-r (s3]

and
e - aor|a - [ (55)] o o[ - (53) |
The skewness and kurtosis of the TTE

distribution can be easily confirmed by utilizing the
specified relationship:

| E(X%) — 3E(OEX?) + 2(E(X))?
- W (x))32

and
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K E(X*) — 4E(DEX®) + 6E(X?)(EX))” — 3(E(X))*
- V()2 '

3.2. Moment Generating Function

The moment generating function and moments
provide valuable insights into the properties and
features of a distribution. Suppose that X is a
random variable with the PDF (3) then the moment
generating function of X, My (¢) Equation (6).

1

My() = E(e™) = f e frrg(i:6,2) dx

0

_ g[ﬂl o(t3)x [1 — A+ Zﬂe_%] dx (6)

o R  C
t_i e - +E_ge —1]]
(] ]

3.3. Incomplete Moments and Inequality Measures

A

"6

In several statistical disciplines, incomplete
moments are frequently used, especially in income
model analysis to measure inequality. The "
incomplete moment of the TTE distribution can be

obtained as Equation (7).

t At = _x
@ (t) :f x¥ frrs(x;6,4) dngJ. xfe 9[1—1-0—213 G]dx,
0 0

= AB° [(1 )] [F(s +1)-T (s + 1,5)} +427° [F(s +1)
_r(sﬂ%ﬂ

Lorenz [Lg(z)] and Bonferroni [BAz)] curves are
commonly used income inequality measurements

that can be wused to wvarious different fields.
Mathematically, the [Lg(z)] and [Br(z)] formulas
can be determined as:

jgz x frre(x; 8, ) dx
EX)

Jo-ob-rea] -]

oabr@alin e

LF(Z) =

LF(Z)
Frrg(2,6,4)

(-0 [1-r(23)]+3[-r 3]

) 4 [(1 ~Di-r(z é)] +%[1 -r (zg)]] [[1 - e’%] 1 +le%]].

Br(z) =

3.4. Quantile Function

Let X denotes a random variable with the PDF
(3). The quantile function x, of the TTE distribution
can be obtained as the inverse of CDF (4) by using
the Equation (8).

A [1 - e_%] [1 + }le_g] =p. t))

Then, we have

4p
A—1+ |+1)2 M2
— 6 — A ‘ )

Xp =

The median of the TTE distribution can be
obtained from Equation (9) at p = 0.5 as,

A-1+ |'(1+1)2—2[TA

24

Xp5 = —0In

3.5. Mean Residual Life Function

The mean residual life (MRL) refers to the
predicted duration of existence, denoted as X - x,
under the condition that the entity has endured till
The MRL function for the truncated
transmuted exponential distribution is defined by
Equation (10).

time X..

1
m(x) = E(X — x|X > x) = %mf [1— F(Olde, (10)

[1 -8 [1+2073]

e e

I _I
[l—e GHI-I-)LQ 7

.

(17,()[1737%“1+137ﬂ7(17x)+9(171)[e%76%]7§[3 7—e s}

[1 - e%] [1 +ae78] - [1- e’g] [1 +Ae’%]

3.6. Mean Past Lifetime

In practical scenarios where systems are not
under constant surveillance, one may want to
deduce additional information about the system's
past, such as the timing of component failures. Now
assume that a component with lifetime X has failed
at or some time before x, x > 0. Consider the
conditional random variable (x — X | X < x). This
conditional random variable represents the time has
passed since the component's failure, assuming its

[§) PANDAWA
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Table 7. Partial and total ranks of all estimation techniques for the TTE distribution.

Parameter n MLE MPS
25 7 2
50 7 3.5
9=02,1=025
75 7 3.5
100 7 3.5
25 2 6
50 2 6
9=02,1=05
75 2 45
100 2 5
25 5.5 5.5
50 2.5 5
0=0.2,1=0.75 75 3 6
100 4 6
25 g
50 6.5 4
9=0.5,A=0.25
75 8
100 8
25 8
50 3.5 7
9=0.5,L=05
75 4 7
100 3.5 7
25 2 1
0=0.5,1=0.75 50 3.5 1.5
75 3 1.5
100 3.5 2
Y Ranks 107.5 119.5
Overall Rank 4 7

LS WLS CM AD RAD P
3 5 1 4 7 7
2 5 1 3.5 6 8
2 3.5 1 5 6 8
1.5 5 1.5 3.5 6 8
4.5 3 8 4.5 1
4 4 8 4 1
6 4.5 8 3 1
6.5 4 8 6.5 3 1
7 3.5 8 3.5 2 1
7 6 8 4 2.5 1
7.5 5 7.5 4 2 1
7 3 8 5 2 1
3 3 3 5.5 5.5
8 4 2 1 6.5 4
4 2 7 1 5 3
2.5 1 6 4.5 4.5 2.5
2 4 6 5 3 1
2 5.5 8 55 3.5 1
5 2.5 8 6 2.5 1
5 3.5 8 6 2 1
6.5 8 6.5 5 3.5 3.5
7.5 5 7.5 6 3.5 1.5
7.5 5.5 7.5 55 4 1.5
8 5 7 6 3.5 1
119 100.5 1445 117 90.5 65.5
6 3 8 5 2 1

lifetime is equal to or less than x. Thus, the mean

past lifetime (MPL) of the component can be

determined as Equation (11).

k =F XX=x)= ! xF d
(0 =BG~ XIX =0 = s | P

(11)

2t

B [1- e_%] [1 +ﬂe‘§] L [

t
14+ (A—1)ed —Ae‘?} dt,
28

7 (e - 1)]

[1- e_%] [1 +:¢e‘§]

[x —6(A—-1) (e_g— 1) +

3.7. Order Statistics
Moments of order statistics are helpful for

quality control testing and predicting future failures
of items based on a limited number of early failures.
We know that if x)<..<X@ denotes the order
statistic of a random sample x,...,x, from a
continuous population with cdf Fy(x) and pdf fx(x),
then the pdf of X, is given by Equation (12).

Do AE)T (1= AW) T (12)

f;‘f('m]
The pdf of the m™ order statistic for the TTE
distribution is offered by Equation (13).

n! A _x

fem = s =i [1-2+21e77)

fafi-e ][] x

1-a1- e_z] [1+ Ae‘g]]n_m. (13)
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Then, the pdf of the greatest order statistic X, is
evaluated by Equation (14),

Feom = %e‘g [1-2+ z}te‘%] x [A [1- e_%] [1 +Ae‘§]]nil.(14)

and the pdf of the smallest order statistic X{;) is
given by Equation (15).

P T I AT TR D

3.8. Extropy

Extropy, a different measure of uncertainty, was
recently introduced. The definition of extropy for a
completely non-negative  random
variable X is:

continuous,

j@ =5 (Fe) e
0

—1 (%A =x Nt
= — —e 0 — a
> L (96 [1 A+ 24e ]) dx

2

[ (v 22eE])
0

—A2
:m(32+2,1+3), 8 = 0.

4. METHODS OF ESTIMATION

This section covers eight methods for estimating
the parameters, 0 and A of the TTE distribution. The
methods include ML, LS, WLS, MPS, CM, AD,
RAD and P. We suppose throughout that x;,x,,
....,.X, represents a random sample of size »n from
the TTE model.

4.1. Method of Maximum Likelihood Estimation
The ML approach was used to estimate the

parameters of the TTE distribution. The

likelihood function, L can be obtained as Equation
(16).

L= ﬁf(xi) - H (ge% [1-7+2279])
i=1 1

i=

(16)

Therefore, the log of the likelihood function can
be given as the form:

n n 7&
x+ ln(l—ﬂ-i—?.le 9).
=1 i-1

| =

In(L) =nln(4) —nln(@) —

Then, the first derivatives of the log likelihood
function with respect to the parameters 6 and A are
determined as Equation (17):

Xi

dn(l) nod n 1 § 24 § x;e €
o8 =ass 3t @l :
i=1 i=1 (1 — A+ 233_5)

%
2e 8 —1

aln(L) _ndA
i=1 (1 — A+ 2}137%).

A Ada
where,

1 Iy 3 _1y 1
8_A_ F(l-}—le 9)3 9—6—(1—3 9)6 g
a6 1 112

([1—3 9“1-0—}139)

_1y 1
JA f(lfe 9)69

" (e

7-

For obtaining the estimates of the parameters 0
and A, utilize numerical methods and computer

resources to solve the equations of 2% _ 5 and
ag

ain(L)
94 0

Table 8. Performance of several distributions forms for the first data set.

Model MLE AIC BIC CAIC HQIC K-S P-value
8 =08778
TTE . -0.7889 1.6487 -0.2435 -0.1128 0.074 0.997
A=03348
TME @ = 0.2087 6.118 7.3377 6.2927 6.4569 0.136 0.693
Ex A= 2662 3.048 4.2664 3.2214 3.3855 0.111 0.883
TL A=1.002 6.461 7.6799 6.635 6.7991 0.117 0.844
&= 1151
Gex A 4.770 7.208 5.316 5.447 0.089 0.979
A= 03444
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Figure 4. Plot of the estimated CDF of the first data set of the selected models.

4.2. Method of Least Square and Weighted Least
Square Estimation

The LS approach is a statistical technique used to
determine the optimal fit for a dataset by
minimizing the total sum of the differences between
data points and the curve being fitted. Swain et al.;
Onyekwere et al.; and Husain et al. presented least
square estimators and weighted least square
estimators for estimating the parameters of Beta
distributions [33]-[35]. We utilize the identical
technique for the TTE distribution in this
investigation. The LS estimators for the parameters
0 and A of the TTE distribution are derived by

minimizing:

> [Fto) -]

=1

with respect to the unknown parameters 6 and A.
Let F(X;) represents the distribution function of the
< X,
where {Xi,X;, ... X,} is a random sample of size n
from a CDF F{(.).Hence, in this case, the LS
estimates of 0 and A (say, d,;; and 1, ) can be
found by minimizing:

arranged random variables X(;) < X < ...

2

i[A[l_e—%Hme—%]_#] .

with respect to 0 and A. The WLS estimates of
the unknown parameters 6 and A can be found by
minimizing [36][37].

n ] 2
w [FOx) - 2]
=1

]
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with respect to 0 and A . The weights w; are equal
to Lt _ (n+1)%(n+2)
vixgp) T j-jrn

Hence, in this case, the WLS estimations of 0
and A (denoted as 8y,; and Ay;¢; ) respectively, can
be determined by minimizing:

R A [

with respect to 6 and A.

4.3. Method of Maximum Product of Spacing
Estimation

Cheng and Amin developed a sophisticated
method, known as the MPS method, to calculate the
estimation of unknown parameters in continuous
distributions  [38][39].  Ranneby
separately created it as an approximation to the
Kullback-Leibler measure of information [40]. The
basic concept can be explained as follows:

univariate

Let D;(8, 1) = F(x;_1.,16,0) — F(x;_1.,160,2) , for
i=12,....,n+1, represent the uniform spacings of
a random sample from the TTE distribution, where
F(x0.10,4) =0, F(xp5110,4) =1 and Y¥1D;(8,2) = 1.

The maximum product of spacing estimator
(MPSE) for 8,5z and Ay:s: can be determined by
maximizing the geometric mean of the spacings

ntl ]nJrl

G(O,2) = [ﬂ D, (6, %)
i=1

Equally, they can be obtained by maximizing the
logarithm of the geometric mean of sample
spacings:

n+1

1
H(O,2) = mz log D, (8, 7).
i=1

The estimates §,,,, and i,,,; can be obtained by
solving the two nonlinear equations:

dH(6,1)
ag n+1ZD(€ A

[A(xpnl8,0) — A (x;1:0|0,)] =0,

and,

aHO,2) 1
A n+ll DI(G )

[Az(xx:nle-ﬁ) - lﬂ2(-‘1—1:11'6--3&)] =0,

where,

AF(6,7)
I

Ay (xp010,2) = 8F(9 A

Az(xl:n ‘6,,1)

(18)

Cheng and Amin [39] suggest that MPS
estimates exhibit consistency across a broader array
compared to MLE
maximizing H for

of scenarios estimators.
Additionally,

estimation is equally efficient like MLE estimation.

parameter

4.4. Method of Crame r-Von-Mises Estimation

CM estimation refers to the discrepancy between
the estimated CDF and its empirical distribution
function. Based on actual data from MacDonald
[41742],
compared to other minimal distance estimates. The

the bias of the estimations is lesser

Table 9. Performance of several distribution forms for the second data set.

Model MLE AIC BIC CAIC HQIC K-S P-value
f =0.1317
TTE R -77.416 -74.614 -76.972 -76.519 0.087 0.978
1= 0.5634
TME @ = 0.0481 -65.792 -64.391 -65.649 -65.344 0.237 0.0691
@ = 0.9394
We . -76.717 -73.915 -76.273 -75.821 0.101 0.919
1= 0.0932
& = 0.9688
Gamma A -76.520 -73.717 -76.076 -75.624 0.106 0.892
7 = 0.0993
@ = 0.8576
Beta -75.121 -72.319 -74.677 -74.225 0.129 0.702
B = 7.806
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CM estimates 8., and A, of 6 and A are, where, A; (.|9,X) and A, (. | 0,\) are given in
respectively, determined by minimizing (Eq.18).

L n 0i 192 4.5. Method of Anderson-Darling and Right-tail
co,1 = Ton + Z [F(x[:nlﬂ,,l) - ] , Anderson-Darling Estimation
=1 The AD method, introduced by Anderson and
Darling [43], is another sort of minimum distance
The next nonlinear equations can also be utilized estimator. The AD estimates (ADE) 8. and A4z of
to calculate these estimates: the parameters 6 and A are, respectively, obtained
by minimizing the following equation.

2i—1
n ] Al(xi[::n,ng ;l) = 0;

an[fv(xmw,m -=

i

n
1 —
AG,7) = —n == @i = Dllog F(rald, 1) + 108 (rnss 116, D)
i=1

These estimates can also be determined by

N 2i—1
Z [F (xi:n16,4) — LG ] A5 (x;:0]6,4) = 0. solving the following equations:
=1

L

—  Weibull

——— Gamma

TME

00 02 04 06 08 1.0

Figure 5. Plot of the estimated PDF of the second data set of the selected models.
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Figure 6. Plot of the estimated CDF of the second data set of the selected models.
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Table 10. Performance of several distribution forms for the third data set.

Model MLE AIC BIC CAIC HQIC K-S P-value
8 =0.4628
TTE R -2.6727 0.1296 -2.2283 -1.7762 0.057 0.999
1= -02529
TME & = 0.2008 -1.1418 0.2594 -0.9989 -0.6935 0.132 0.626
Ex A= 27332 1.6708 3.0721 1.8137 2.1191 0.127 0.670
@ = 1.4852
Gamma 1.1193 3.9217 1.5638 2.0159 0.103 0.878
1=0.2463
@ = 1.4906
Gex 1.3377 4.1401 1.7822 2.2342 0.106 0.854
1 =0.2879

C . A1(x:010,0) A1 (Xps1-1nl60,2)
Z(Z‘ D o -
F(x;nl6, 4) F(xp31-inl0,1)

C . Ay (X160, 4)  Do(xp41-1010,4)
dei-n _a _
F(x;:16, ) F(xpa1-5nl6, 1)

where A; (. | 0,A) and A, (. | 0,\) are given in
(Eq.18). Also, the RAD estimates (RADE) 6zrapzand
Aeraps Of the parameters 0 and A are, respectively,
obtained by minimizing the following equation.

n n
n 1 _
R6.7) =2 =2 ) Flealf, ) == ) (21 = 1) 10gFlxysy 6. 2).
i=1 i=1

These estimates can be obtained by solving the
following Equations (19):

Al(xxn|'9 A) Ay (py1-410,4)
F( inl0, A) Z(Z Y F(?fn+1 (6,2

—0,(19)

where A; (. | 0,0) and A, (. | 0,\) are given in
Equation (18).

4.6. Method of Percentile Estimation

The percentile estimator, initially introduced by
Kao [44][45], is a statistical method that estimates
unknown parameters by comparing sample points
with theoretical ones. The Weibull distribution and
the generalized exponential distribution are two
distributions with closed-form quantile functions
that have been widely used.

Let u;=i/((n+1)) be an unbiased estimator of F (x
@ 5 0, A). Then, the PE of the parameters of the

TTE distribution is obtained by minimizing the
following Equation (20):

2
4y,
n Z—1+||(ﬂ+1)2— L
P(8,4) :Z x) + 0ln 21 A \) (20)

i=1
with respect to 6 and A.
5. SIMULATION

The principal purpose of the simulation study is
to evaluate the effectiveness of various estimating
techniques for the parameters of the TTE model.
Estimates are evaluated using relative biases and
square errors (MSE). The process of
simulation is conducted using R software. The

mean

procedures of simulation for the TTE model can be
assumed as sizes of random samples; n = 25,50,75,
and 100, are constructed from the TTE model by
employing inversion approach. The values of
parameters are studied as (0 = 0.2,0.5) and (A =
0.25,0.5,0.75). The TTE model estimators are
assessed according to the values of parameters and
sample sizes. We calculate the relative biases and
mean squared errors of the estimates for different
Tables 1-6
present the empirical outcomes. We note that the
values of the relative biases and mean square error

choices of the model parameters.

decreases with larger sample sizes. The simulation
outcomes exhibit the rankings of the estimators for
each technique using superscripts in each row,
along with the total sum of the ranks denoted by Y
Ranks. The results in Table 7 show the performance
order of all estimators, both individually and
collectively. Table 7 indicates that the PE method,
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with a total score of 65.5, surpasses all estimations
from the other techniques for the TTE distribution.
The RADE, with a total score of 90.5, could be seen
as a rival method to the PE method.

6. APPLICATIONS

We analyze three real data sets to compare the
efficacy of the truncated transmuted exponential
distribution (TTE) utilizing various criterions for
goodness of fit, such as Akaike’s information
criterion (AIC), Bayesian information criterion
(BIC), Hannan-Quinn information criterion
(HQIC), and Kolmogorov—Smirnov (K-S) test
statistic. The distribution with the lowest AIC, BIC,
CAIC, and HQIC values is considered to have the
best fit.

6.1. Data set 1

The first data set is used by Kumari et al. [46],
originally taken from Proschan [47]. The data
represent the intervals between failures (in hours) of
the air conditioning system of a fleet of 13 Boeing
720 jet airplanes. Canavos and Tsokos observed
that the failure time distribution of the air
conditioning system for each of the planes can be
well approximated by exponential distributions
[48]. We have considered the plane 7913 for our
illustrative purposes. The data is presented as
follows: 1, 4, 11, 16, 18, 18, 18, 24, 31, 39, 46, 51,
54, 63, 68, 77, 80, 82, 97,106, 111, 141, 142, 163,
191, 206, 216.

Before applying the K-S test, we transform the
above given data set in the range of unit interval by

fix)
15 20 25 30

1.0

05

00

= _| -
o« |
=]
@«
=
=
L
= _|
L=
— Empirical
o~ _|
b= — Gex
— Gamma
— Ex
— TME
= |
-
T T T T T
0.0 o022 0.6 0.8 1.0

Figure 8. Plot of the estimated CDF of the third data set of the selected models.
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X . The

= (max(x)+1)

using the transformation x
transformed data sets is given as follows: 0.0046,
0.0184, 0.0507, 0.0737, 0.0829, 0.1106, 0.1429,
0.1797, 0.2120, 0.2350, 0.2488, 0.2903, 0.3134,
0.3548, 0.3687, 0.3779, 0.4470, 0.4885, 0.5115,
0.6498, 0.6544, 0.7512, 0.8802, 0.9493, 0.9954.

We can determine the best model for
understanding a dataset by evaluating goodness-of-
fit measures such as BIC, AIC, HQIC, and K-S test
statistic. The lower value of these criteria indicates
a better fit. The proposed model is contrasted with
exponential (Ex), truncated moment exponential
(TME), Topp-Leone (TL) and generalized
exponential (Gex), distributions. Table 8 presents
the parameter estimates and associated goodness of
fit statistics. The data indicate that the TTE model
has the lowest K-S value and the highest P-value
compared to the other models. Hence, the TTE
distribution provides a superior fit to the data
compared to all other distributions. Figures 3 and 4
displays the estimated PDF and CDF generated by
the new model fitted to this data.

6.2. Data Set 2

The data set relates to the daily snowfall amounts
of 30 observations measured in inches of water
taken from non-seeded experimental units, which
was conducted in the vicinity of Climax, Colorado
[49]. The data are presented as follows: 0.030,
0.020, 0.015, 0.045, 0.100, 0.100, 0.125, 0.190,
0.390, 0.110, 0.070, 0.010, 0.055, 0.220, 0.080,
0.005, 0.125, 0.035, 0.085, 0.060, 0.010, 0.065,
0.020, 0.260, 0.030, 0.015, 0.025, 0.010, 0.495,
0.085.

The proposed model is competed with truncated
moment exponential (TME), Weibull, Gamma and
beta distributions. The outcomes of applying the
suggested model to this data set are shown in Table
9. The proposed TTE model shows the smallest
of AIC, BIC, CAIC, and HQIC in
comparison to the alternative distributions.
Moreover, the P value of the TTE model obtained
from the K-S test exceeds those of the chosen

values

distributions. Hence, the TTE distribution gives a
better fit to the data compared to all other
distributions. Figures 5 and 6 display the estimated
PDF and CDF resulting from fitting the suggested
model to this data.

6.3. Data Set 3

The third dataset of data included 30 polyester
fiber tensile strength measurements that were
analyzed wusing previous data [50][51]. The
following is a summary of the data: 0.023, 0.032,
0.054, 0.069, 0.081, 0.094, 0.105, 0.127, 0.148,
0.169, 0.188, 0.216, 0.255, 0.277, 0.311, 0.361,
0.376, 0.395, 0.432, 0.463, 0.481, 0.519, 0.529,
0.567, 0.642, 0.674, 0.752, 0.823, 0.887, 0.926. The
truncated moment exponential (TME), exponential
(Ex), generalized exponential (Gex), and gamma
distributions are the competitors of the suggested
model. Table 10 displays the results of using the
proposed model on this dataset. Comparing the TTE
model to the other distributions, the AIC, BIC,
CAIC, and HQIC values are the
Furthermore, the TTE model's P value as
determined by the K-S test is higher than the
selected distributions. Therefore, when compared to
all other distributions, the TTE distribution provides
a better fit to the data. The estimated PDF and CDF
that come from fitting the proposed model to this

lowest.

data are shown in Figures 7 and 8.
7. CONCLUSION

The article presents a novel statistical model
known as the truncated transmuted exponential
(TTE) distribution. Several statistical properties
including moments, moment generating function,
incomplete moments, order statisics, mean residual
life function, mean past lifetime function, some
measures of reliability and extropy has been
studied. The parameters of the newly proposed
distribution haven been estimated by eight
estimation methods namely, the maximum
likelihood, the least squares, weighted least-squares,
maximum product of spacing, Crame r-Von Mises ,
Anderson-Darling, right-tail Anderson-Darling and
percentile estimators. The results of simulation
study showed the superiority of the percentile
method among the other estimation methods. The
real application showed the importance of the
proposed TTE model. Based on some goodness of
fit for the suggested data set indicated that the TTE
distribution provides consistently better fit than
other distributions. Completely, it is
acknowledged that truncated models are effective at

well

simulating real-world problems. So, we suggest
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utilizing the TTE model in different disciplines like,
engineering, health and finance, where truncated
data is common.
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