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Abstract

Multicollinearity is a violation of assumptions in multiple linear regression analysis that can occur if there is a high correlation
between the independent variables. Likewise, the variants of multiple linear regression models such as the Geographically
Weighted Regression model (GWR). Multicollinearity causes parameter estimation using the Quadratic Method (QM) unstable and
produces a large variance. On the other hand, what is expected in the estimation parameters is an estimate with a minimum
variance, even though it is biased. Thus, one way to overcome multicollinearity can be to use biased estimators, such as Ridge
Regression (RR), Least Absolute Shrinkage and Selection Operator (LASSO), and Elastic Net (EN). In RR, the Least Square
Method (LSM) coefficient is reduced to zero but it can’t select the independent variable. However, the parameter model obtained
from the Ridge Regression is biased, and the variance of the resulting regression coefficients is relatively tiny. In addition, the RR
is increasingly difficult to understand if a huge number of independent variables are used. Meanwhile, LASSO is a computational
method that uses quadratic programming and can act out the RR principles and perform variable selection. The LASSO method
became known after discovering the Least-Angle Regression (LARS) algorithm. The LASSO method can reduce the LSM
coefficient to zero to perform variable selection. LASSO also has a weakness, so EN is used. In this article, the performance of the
three methods is compared from the mathematical aspect. The performance of each is written as follows, RR is helpful for
clustering effects, where collinear features can be selected together; LASSO is proper for feature selection when the dataset has
features with poor predictive power and EN combines LASSO and RR, which has the potential to lead to simple and predictive
models.
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1. INTRODUCTION

In multiple regression analysis, the relationship
between two or more independent variables is often
a problem; namely, there is a mutual correlation
between independent variables. It is said to be
double collinearity (multicollinearity). In principle,
multicollinearity means that there is a linear
relationship between some or all of the independent
variables of a regression model [1][2]. In practice, it
is possible to find correlated independent variables
[3][4]. With multicollinearity, parameter estimation
using the Least Squares Method (LSM) becomes
invalid, resulting in a violation of the multiple
regression model assumption [5]. The fact that
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some or all of the independent variables are
correlated with LSM does not prevent obtaining a
suitable regression function or affect inferences
about the mean of the dependent variable or the
forecasting of new observations, as long as the
inference is carried out within the observed area.
High multicollinearity results in the regression
parameter estimators tend to have a large diversity,
meaning that the estimated regression parameters
tend to vary significantly from one sample to
another [6]. This
appropriate information about the actual regression
parameters (population). If the collinearity is in

resulted in not obtaining

some independent variables, it can be overcome
using the stepwise regression method so that the
variables that cause collinearity are excluded from
the equation [7]. On the other hand, if all
independent variables are highly correlated, it is not
easy to do and will not give a good solution.
Multicollinearity resulted in the regression
model estimator no longer being BLUE. This is
because the estimator variance (B) of the regression
model is large. This results in hypothesis testing
regarding the significance of the regression
coefficient estimator tends to accept H,, which
means that the regression coefficient estimator is
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Table 1. Comparison of 1, - regularization and [, - regularization.

No. i, -regularization

I, - regularization

1. Penalizes the sum of the absolute value of weights. Penalizes the sum of square weights.

2. It gives multiple solutions. It has only one solution.

3. It is constructed in feature selection. There is no feature selection.

4, It generates simple and interpretable models. It gives more accurate predictions when the
output variable is the function of the whole
input variables.

5. Computationally inefficient over non-sparse Computationally efficient because of having

conditions. analytical solutions.

not  significantly  different  from  zero. et al. [13] states that to overcome multicollinearity

Multicollinearity causes the diagonal elements of
the X’ X matrix to be large and almost singular
(close to zero), where X is a matrix of independent
variables [8]. This resulted in the instability of the
regression model so that the regression coefficient
could not be determined [9]. Multicollinearity also
leads in the presence of a small characteristic root/
eigenvalue, causing the estimator's variance to
increase. As a result of multicollinearity, multiple
linear regression modeling with the Least Squares
Method is rendered incorrect, despite the fact that
the estimator remains unbiased. As therefore, an
approach is required to overcome multicollinearity.

Several approaches can be taken to avoid
violating the multicollinearity assumption. One
approach to overcome multicollinearity is Ridge
Regression, Least Absolute Shrinkage and Selection
Operator (LASSO), and Elastic Net (EN). The
principle of the three settlements is to provide
penalties to improve Least Squares Method (LSM)
performance. Ridge Regression is used to overcome
multicollinearity in multiple linear regression
models by adding ridge parameters [10][11].
Determination of ridge parameters using the
Generalized Cross-Validation (GCV) approach (He
et al,, 2022. Another model approach is with
LASSO. Tibshirani (1996) [8] states that LASSO
estimates using the LARS algorithm will reduces
the parameter estimate to zero. The LASSO method
is used to overcome local multicollinearity cases so,
it is hoped that an unbiased and efficient parameter
estimate can be obtained [12].

The multicollinearity problem in regression
models can be solved using several methods, each
with specific advantages and disadvantages. Celik

in the regression model, the LASSO method is
considered more consistent even though the
predictor variables have a high level of
multicollinearity compared to the Ridge method.
Several studies state that EN improves Ridge and
LASSO performance. In this study, the performance
of the three methods is compared from the
mathematical aspect. The study compares the
performance of Ridge Regression, LASSO, and
Elastic Net in overcoming multicollinearity in
multiple linear regression models. It aims to
demonstrate how these methods address the issues
caused by multicollinearity and evaluate their
effectiveness in producing stable, predictive
models. The study seeks to highlight the strengths
and weaknesses of each method in terms of
handling correlated features, feature selection, and
variance reduction, with a focus on understanding
their theoretical and practical applications.

Specifically, this article is divided into numerous
parts. The first section defines multicollinearity and
the theory behind handling multicollinearity
situations. The second section explains the
materials and procedures, while the third section
describes the findings and discussion. This part will
go over numerous topics, including the features of
each RR, LASSO, and EN method, the distinctions
between the three methods, the benefits and
drawbacks of the three methods, and the real-world
applications of the three RR, LASSO, and EN
methods. The final section provides the
conclusions, which analyze the characteristics of
the three techniques.
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2. MATERIALS AND METHODS

The material used as the basis for this research
study includes two main things, namely multiple
linear regression and the Least Square Method.

2.1. Multiple Linear Regression

Celik et al. [13], states that multiple linear
regression is one of the widely used statistical
techniques involving more than one independent
variable X. Multiple linear regression model is

Vi=Bo+BiXs+fXot -+ BXp+e;i=12..,n (1)

where Y is the dependent variable, is the model
parameter, X is the independent variable, Sy is
intercep term (intersection point of the regression
line with the Y axis), f, ... , P is coefficient for the
independent variable, and ¢g;is the remainder with
normal distribution. There are several assumptions
underlying the multiple linear regression analysis;
namely, there is no serial correlation
(autocorrelation) on the residuals, the independent
variables are constant, there is no multicollinearity
between the independent variables, the residuals are
normally distributed (normality), and the variance
of the residuals is constant (heteroscedasticity). If
there is a violation of one of the assumptions then it
affects the regression estimator.

2.2. Least Squares Method (LSM)
Basak and Majumdar [14], states that the Least

Squares Method is a method for estimating

parameters in linear regression. The principle of
LSM is to minimize the sum of the residual squares
from the regression model using the Lagrange
multiplier. The matrix form of multiple linear
regression is

Y=BX+¢ 2)

so that the sum of the squares of the remainder of
the model is

n
Z g% atauele
i=1

The concept is to minimize the number of
residual squares by reducing it to the model
parameter to obtain a multiple linear regression
estimator, namely

B=XTX)XTy 3)

The LSM produces an estimator that is the best
linear unbiased estimator (BLUE). This means that
the estimator is a linear function that is unbiased
and has a minimum variance. This results in the
model being used appropriately.

3. RESULTS AND DISCUSSIONS

As stated earlier, multicollinearity is a situation
that indicates a correlation or strong relationship
between two or more independent variables in a
multiple regression model. If multicollinearity

occurs, then a variable that is strongly correlated

Table 2. The comparison of Ridge Regression, LASSO, and Elastic Net in overcoming multicollinearity.

Methods

Ridge Regression (1, -
regularization)

Solution of Multicollinearity Problem
. Adds a penalty to the square of the regression coefficient.

. Reduces the variance of highly correlated coefficient estimates.

. Stabilize the model with smaller and less extreme coefficients.

LASSO (1;-
regularization)

. Adds a penalty to the absolute value of the regression coefficient.

. Reduce variance and simplify the model by eliminating unimportant variables.

Elastic Net
(combination of [ -
regularization and 1, -
regularization)

1
2
3
1
2. Select variables by setting several coefficients to zero.
3
1. Combination of L; and L, penalties.

2

. Combines the advantages of Ridge and LASSO; improve model stability and
carry out variable selection.

3. Effective for data with high correlation between variables.
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with other variables in the model, its predictive
power is unreliable and unstable. The impact of
multicollinearity is that the Partial Regression
Coefficient is not measured precisely, small changes
in data from sample to sample will cause drastic
changes in the value of the partial regression
coefficient, and changes in one variable can cause
significant changes in the value of the partial
regression coefficient of other wvariables, the
Confidence Interval value is so vast that it will be
very difficult to reject the null hypothesis in a study
if there is multicollinearity in the study. Therefore,
one way to overcome multicollinearity is to use
biased estimators, namely RR, LASSO, and EN.
These three methods have unique performance to
overcome the multicollinearity problem. Therefore,
their performance is discussed in this paper.

3.1. Ridge Regression

Ridge Regression is a modification of the LSM
through  Lagrange multiplier to overcome
multicollinearity, which introduced by Hoerl and
Kennard (1970) [15] to deal with the instability of
the least squares estimator. Modification is done by
adding the coefficient of bias constant A on the
diagonal of the XTx matrix [8]. Ridge Regression
aims to minimize the variance and standard error of
the estimator so that the significance test of the
regression coefficient estimator tends to reject H,.
This means that the regression estimator is
significantly different from zero, or there is a
significant effect between the independent variables
on the dependent. In this case, the RR estimator is
no longer a BLUE (Best Linear Unbiased Estimator)
because of the addition of the estimator coefficient
Br to be biased even though the variance is minimal.

Ridge Regression pinpoints the size of the
regression coefficient at norm [, or specifically
predicts § by minimizing SSE (p) with constraint

v
> gt 4)
j=1

In this form, X7_, B/represents the I, norm or
Euclidean norm of the vector £, and t is a threshold
that controls the size of the coefficients. Or, if you
write it in another form that is to minimize

ICRED W) M (5)

Where y; is the observed value for the i-th sample
(dependent variable); B, is the intercept term; By is
the coefficient for the k-th independent variable;
xi is the value of the k-th independent variable for
the i-th sample; 2 is the regularization parameter or
penalty term.

The selection of bias coefficient 1 is the most
crucial thing in RR. If the selection of the bias
coefficient A is correct, the estimator value and
Variance Inflation Factor (VIF) become more
stable. Stability indicates that multicollinearity can
be overcome. The VIF value is stable if it is
relatively close to 1 and less than ten, and the bias
coefficient A lies in the interval 0<i<1. To
determine the exact value to obtain a stable
estimator, a Ridge trace is used. The ridge trace is a
graph containing the results of selecting the value
of 4 and its effect on the regression estimator
value. If the value of A = 0, then the magnitude of
the coefficient of the Ridge estimator Bz will be the
same as the least squares estimator g . On the other
hand, if A =1, then the Ridge estimator coefficient
Brwill be biased with the Least Squares estimator 3.

The solution to the RR is obtained similarly in
the Least Squares Method, namely by minimizing
the Sum Squares of Error (SSE).

SSE(B, D) = (y—XB)(y—XB)+ 1878 (6)

Ridge Regression is one method that can be used
to overcome the problem of multicollinearity
through modification of the LSM [13]. The
modification is carried out by adding a relatively
of the
xTx matrix so that the estimating coefficient of the
ridge is influenced by the magnitude of the bias

small bias constant on the diagonal

constant A. Thus, the estimated parameters are
obtained using the following description. Based on
equation (6), it is obtained equation

XTy = (XTX+ ADB

Where X is the design matrix containing the
independent variable;y is the vector of the observed
outcomes (dependent variable); g is the vector of
regression coefficients to be estimated; X7is the
trapose of the matrix X; I is identity matrix.

Before parameter estimation, the model
indicated by multicollinearity was transformed into
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Table 3. The Comparison of Ridge Regression, LASSO, and Elastic Net in Effect and Benefit of Adding

Penalties to The Regression Coefficient.

Benefits

Produces simpler models with
easier interpretation.

Reduces overfitting by maintaining
significant coefficients.

Methods Effects
Ridge ¢ Drives some regression coefficients to zero
Regression Enables automatic feature selection
e Unimportant variables can be eliminated
from the model
LASSO e Reducing the magnitude of the regression
coefficient
e Prevent coefficients that are large
¢ Reducing variability in the model
Elastic Net e Combination of L; and L, effects pushing

some coefficients to zero and adjusting the

magnitudes of other coefficients.
¢ Provides flexibility in handling

The combination of Ridge and
Lasso's strengths, helps overcome
each other's weaknesses.

multicollinearity and feature selection.

The standard form of the
through the
procedure of centring and scaling. Centering is the

a standard form.

regression model was obtained

difference between each observation and the
average of all observations for the variable.
Centering is a procedure to remove the parameter
from the regression model. This procedure is
carried out to simplify the process of forming a new
regression model. In contrast, scaling (rescaling) is
an observation of the standard deviation for the
variable.

The choice of the magnitude of the bias
A constant is a problem that needs to be considered.
The desired bias A constant is a bias constant that
produces a relatively small bias and produces a
relatively stable estimator coefficient. Several
references are used to determine the magnitude
of 4, including by looking at the VIF size and
looking at the trend pattern of the ridge trace. The
ridge trace is a pattern of the Ridge Regression
estimator together with various possible values of
the bias 4 constant according to Gibbons and
McDonald, 1984 [16]. The selected value of 1 is
which gives a relatively stable Ridge Regression
estimator value gp.

Ransom et al. [15] determines the value of A by
using a ridge trace which is a plot of data between
Br with several values 1 in the interval (0,1) until
stability is achieved in the predicted parameter.
However, selecting a Ridge trace becomes a

subjective procedure because it requires the
researcher's decision to determine the chosen q
value, [17][18]. Hoerl Kennard, and Balwin (1975)
[19] suggest selecting the value of 4 by using the
formula

p&?

N

with P is the number of features in the model,
g and & obtained from the Least Squares method in
further [14], proposes
procedure using the value of A in (5) as the initial

research an iterative
value to calculate the value of and then g and & used
are obtained from the Ridge Regression method.

Thus, this procedure will stop when

Gj+1~ qj
qu

> 20713

when ¢; is a quantity that is being optimized or
monitored over iterations, / and / + 11is the number
of iterations, and T is scalar quantity calculated as
follows:

o Zia(7)
T =Trace(X X) _ 7=1\%
) »

Trace is the trace of a matrix (the sum of the
diagonal elements of that matrix) and 4 is the
eigenvalues of the matrix X7x.

Loss Function
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Luage(B) = D (i —xiBY? +2 ) B = Il — XBIP + LIIBIP
i=1 j=1
If 2 — 0 then friage — Buxr and A — o then friage — 0

The estimator of the Ridge Regression parameter
in equation (6) is biased, not equivariant [20],
meaning that the estimator will have different
results if the original variable is standardized with
the original variable. Therefore, it is recommended
to standardize the scale of the original variable so
that it has an expected value of zero and a variance
of one [20]. Ridge Regression is a shrinkage
method or a regression. Coefficient method that can
be used to solve multicollinearity problems.
Although the model obtained from the Ridge
Regression is biased, the resulting coefficient
estimator tends to be more stable than the LSM.

I, or LASSO regular is a regularization technique
that requires us to minimize the sum of absolute
values between features and target variables. The
word "absolute" here means that in example we
only care about the largest value between feature
and target, and other smaller values within the same
feature will be ignored (or removed) when training
models using this model.

3.2. Least Absolute Shrinkage and Selection
Operator (LASSO)

The LASSO method was first introduced by
in 1996 [20]. The LASSO
coefficient estimator is obtained using quadratic

Friedman et al.

programming. LASSO is one of the regression
techniques for reducing the independent variables.
Still according to Friedman et al. [20], LASSO
shrinks the regression coefficient of the variable
with a high correlation with error, to precisely zero
or close to zero. LASSO is a method of Penalized
Least Squares (PLS) that converts the constraints in
the Ridge Regression into the form of [;-norm
which is also known as I;- regularization. Parameter
estimation on LASSO is obtained by minimizing
the following equation.

JKS = Z:;l(}’i —Bo— Z:zlﬁk Xi3e)?

JKS seems to refer to the objective function,
specifically the Sum of Squared Errors (SSE) and
n is the number of observations. Then, the

constraint

P
D ipd =t
k=1

Loss function
LLassa(B) :Z(y{ - X;ré)z +AZ ‘Ej‘
i=1 j=1

where 4 is the tuning of the parameter whose
numerical size is determined by Cross-Validation
(CV) and determines the Shrinkage of the LASSO
coefficient, 1> 0 is total number of
coefficients. LASSO parameter estimation cannot
be obtained in closed form as in LSM, but using

and m

quadratic programming [8]. The LASSO parameter
estimate is written as

PBrasso = argmin {Z;l(}’i —Bo— Z:zlﬁk xp)? +AZ:=1‘)GF€|}

Estimation of LASSO parameters is obtained by
determining standardized limits, namely

A
§S= a7
Zf:l‘ﬁ)0|

where £ represents the OLS (Ordinary Least
Squares) estimates of the coefficients, A is the
regularization parameter, and s is the Shrinkage
parameter, which has a value from 0 to 1 with

=), I3l

If 3¢ is the least squares parameter estimate
(OLS) and to=Zll, the value of t <to causes
several parameters to be zero. In some literature

n
IR
=1

Although LASSO has shown success in many
situations, it has some limitations. Therefore
according to Tibshirani [8] and Zoéngir and
Buzpinar [21], in its application it is necessary to
consider the following.

1. In the p=>n case, LASSO selects at most
n variables before saturation, due to the nature
of the convex optimization problem. This seems
to be a limiting feature for the variable selection
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method. Moreover, LASSO is not well defined
unless bound to the norm [; of a coefficient
smaller than a certain value.

2. If there is a group of variables in which the
pairwise correlation is very high, then LASSO
tends to choose only one variable from the
group and does not care which one is selected.

3. For ordinary n > p situations, if there is a high
correlation between predictors, based on
empirical ~ observations, the  prediction
performance of LASSO is dominated by Ridge
Regression.

Furthermore, Friedman et al. (2008) developed
the Least Angle Regression (LARS) algorithm
which is used to estimate the linear regression
model [20].

Beil et al. [22], states that LARS is an efficient
algorithm used because LARS has modifications to
simplify LASSO calculations and produce
algorithm efficiency in estimating LASSO
parameters with faster computations than quadratic
programming. LARS is a classical method related
to the model selection method formerly known as
forward selection or forward stepwise regression.
Forward Selection is a method for selecting
variables in linear regression, which is a technique
for obtaining a regression model by selecting

variables that meet specific criteria. Ransom et al.

[15], the LARS algorithm is described as follows.

1. Starting with all parameter coefficients equal to
zero 1, B2, ..., B = 0, making £ = y.

2. The predictor variable with the highest
correlation coefficient with the remainder ¢ is
determined.

3. The parameter coefficient S, is estimated for
x;; which has the highest correlation with the
remainder.

4. The remainder £ = y — ¥ 1s calculated with the
predictor variable xx entered into the model.

5. The partial correlation between the remaining
predictor variables and the most recent residual
was calculated.

6. Steps 3 to 5 are repeated until all predictor
variables are included in the model and stop
when the correlation between y and x; is zero.

The LARS algorithm is a model selection

method where the algorithm can be modified to be
implemented in the LASSO solution. According to
Zou and Hastie [23], the LARS algorithm performs
an estimates of regression coefficients by taking
into account both the size of the coefficients and
their impact on the prediction error. The following
are the steps for LASSO estimation using the LARS
algorithm.

Table 4. Advantages and Disadvantages of Ridge Regression, LASSO, and Elastic Net.

Methods Effects

Benefits

Ridge
Regression

LASSO

Elastic Net

Handles multicollinearity well by
reducing coefficient variability.

Stable and consistent in providing
parameter estimates.

Suitable for situations where all variables
in the model are expected to contribute to
the prediction.

Automatic variable selection by pushing
some coefficients to zero.

Produces a model that is simpler and
easier to interpret.

Combination of the advantages of Ridge
(handling multicollinearity) and LASSO
(variable selection).

More stable than LASSO when dealing
with correlated variables.

Flexible in handling various types of data
with appropriate o parameter tuning.

It does not perform variable selection
automatically; all variables remain in
the model with specific weights.

Sensitive to strongly correlated
variables, one can choose one of
several correlated variables randomly.
Model stability can be reduced if there
are variables that are correlated with
each other.

Requires additional parameter tuning
(a), which can affect model
complexity and interpretability.
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1.

Finding a vector that is proportional to the
the predictor
variables and the error of each predictor
variable

correlation vector between

e=X"(y—a)

Here ¢ is the correlation vector, X is the matrix
of independent variables, ¥ is the dependen
variable and fizis the mean of the predicted
values.

moment

Determine  the absolute

correlation (C),

largest

¢ = max{l¢}

]
so that we can obtain s, =sign{¢} for jeA
Specifying x, , the set A is the active index set
of the predictor variables {1,2,3,...,m}. The
active index set A is determined based on the
largest absolute correlation value. Defined
matrix: X.=(.spx-) whelre s; £ 1, then
G, =x%x, and 4, = (156;'1,) :. Here 6, is Gram
matrix and 1, is a vector of ones corresponding
to the indicates in set A.
Calculating the value of the equiangular
vector (u,) , the equiangular vector is a vector
that divides the angles of the columns into equal
measure with the angle measure less than 90°.
the equiangular vector value is found using the
following formula: s = Xae, with w, = 4,651,
Calculating the inner product vector (a):

a=X"u,

Counting f4 (updating the mean)
Ppr =1y +7Uy

where

et C—¢;
7 =min {

C+é;
Aa—a;’ Agta;

minj indicates that the selected is the positive
minimum value of j, which is not a set A.
Determine the value £, where f§ is a candidate
for the LASSO coefficient

Checks whether

¢ have the same sign as s;, then the selection of

sign(By) = sign(§) =s. B and

the following predictor variable can be
continued.

9. Repeat the steps for each variable selection until
all predictor variables have been selected.

In Ridge Regression, three concepts must be
understood, namely regularization, ; -norm or loss
function or [, -regularization, and I,-loss function or
l, -regularization. Regularization is used to solve the
problem of inappropriate model performance,
meaning that a model has good performance for
training data but has poor performance for test data.
Regularization solves this problem by adding a
penalty to the objective function and controlling the
complexity of the model with that penalty.
Regularization is usually used for situations with a
large number of variables, the ratio of the number
of observations and small variables, and the
presence of multicollinearity. I, -regularization
minimizes the objective function by adding a
penalty to the total absolute value of the coefficient
commonly known as the smallest absolute deviation
method, while 1, -regularization minimizes the
objective function by adding a penalty to the sum of
the squares of the coefficients. The points of
difference  between [ -regularization and 1,-
regularization can be seen in Table 1.

Meanwhile, Lasso Regression uses the -
regularization technique in the objective function.
The advantage of lasso regression compared to
Ridge Regression is that lasso regression can
the default variables and parameter
shrinkage. Although both Ridge and LASSO

Regression are used to treat multicollinearity,

choose

computationally Ridge Regression is more efficient
than LASSO regression.

3.3. Elastic Net

Elastic Net (EN) first emerged as a result of
criticism of LASSO, whose variable selection is so
data-dependent that it is unstable [23]. EN is a
selection method that combines Ridge Regression
and LASSO by combining l;-regularization and l;-
regularization on . The combination of these two
constraints is expected to balance the weaknesses of
each method (Ridge and LASSO) with the I;-
regularization constraint, resulting in a simpler
model due to the Shrinkage of some, which is
exactly zero while at the same time L-regularization
produces a model that does not select variables but

&
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increases the clustering and shrinking effect of g
Although the two regularizations shrink the
estimator g towards zero, they have different
effects. Using l,-regularization tends to produce g
which is small but not zero while i;-regularization
tends to produce some regression coefficients that
are exactly zero and some other regression
coefficients are small. The combination of the two
results in several regression coefficients of exactly
zero but not as many as using only I,-regularization.

Therefore, EN combines Ridge and LASSO
regression penalties to get the best one with the aim
of minimizing the loss function, which includes
l; and I, penalties.

Loss function

LEner(ﬁ) - I 10] —

+A(l Zﬁj “12: Iﬁk)
where « is the combined Ridge and Lasso
regression.

3.4. The Comparison of Ridge Regression, LASSO,
and Elastic Net

Ridge Regression, LASSO, and Elastic Net are
Model
shrinkage refers to statistics and machine learning
techniques where regression coefficients or other

popular Shrinkage modelling methods.

model parameters are reduced or constrained from
their values in the initial regression model. The
primary goal of model shrinkage is to decrease
variability and complexity within the model, which
in turn can reduce overfitting and improve the
model's generalization to unseen data. These three
methods are used to increase the accuracy of
predictions in the case of multicollinearity problems
[24]. According to Friedman et al. [20], the
comparison of the three methods in overcoming
multicollinearity problems can be seen in the
following Table 2.

According to Osman et al. [25], the penalty in
the context of regression refers to the use of
regularization techniques, such as L; (LASSO), L,
(Ridge Regression), or a combination of the two
(Elastic Net), which affects the regression
coefficients in the model. The effect of this penalty
is very important because it affects the complexity,
feature selection, and generalization of the model.
According to Tibshirani (1996) [8], Friedman et al.

(2008) [20], and Zou & Hastie (2005) [23
main effect

], the
of penalties on the regression
coefficients of the three methods can be seen in the
following Table 3.

In addition to seeing how the three methods deal
with multicollinearity problems and seeing the
effects and benefits of adding penalties to the
regression coefficients, we can compare Ridge,
LASSO, and Elastic Net regression, by evaluating
the advantages and disadvantages of each method in
the Table 4 [26].

Ridge Regression is effective when there are
many highly correlated predictor variables, and
when the primary goal is to reduce the variability of
coefficients in the model without having to remove
variables [20]. LASSO would be suitable for
situations where feature selection is required to
obtain a simpler and more interpretive model,
especially when there is confidence that only a few
variables influence the response [27]. Meanwhile,
Elastic Net will be ideal for use when there are
many correlated variables, and when it is necessary
to maintain groups of correlated variables in the
model while carrying out
selection [23].

adaptive variable

3.5. The Theoretical Applications of Ridge
Regression, LASSO, and Elastic Net

Several studies comparing the three methods by
applying them in several cases have been carried
out. These studies provide an in-depth
understanding of the conditions under which each
regression method (Ridge, LASSO, or Elastic Net)
is superior and how they can be used effectively in
various research situations. Research conducted by
Omar et al. (2023) [28] applied the Ridge
Regression, LASSO, and KNN methods to evaluate
the dynamic response of aluminium and ABS
materials. All three methods are suitable for
machine learning tasks that need to be run
efficiently and do not require a lot of computing
power for training and testing. This is because the
algorithm is relatively simple and does not have
many hyperparameters to tune, which can make it
faster to train and test than some other models.
These algorithms are also relatively easy to
making them a good
choice for practitioners who are new to machine

learning or do not have a strong mathematical

understand and interpret,
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background. Research conducted by Raouhi et al.
(2022) [29] has compared Ridge, LASSO, and
Elastic Net regression in the efficiency of irrigation
water use under climate change conditions. The
show that LASSO performs
variable selection and parameter shrinkage, while
Ridge Regression only performs parameter
shrinkage and finally includes all coefficients in the

research results

model. In the presence of correlated variables,
Ridge Regression may be a better choice.
Moreover, Ridge Regression works best when the
Least Squares estimate has a higher variance.
Another research conducted by Kelachi et al. (2023)
[30] used Ridge Regression, LASSO, and Ridge
regression techniques to analyze heart rate data
obtained from Lulu Briggs Health Center, the
University of Port Harcourt, which had
multicollinearity problems. The research results
show that Ridge, LASSO, and Ridge Regression
techniques can solve multicollinearity problems and
overcome overfitting in model building. However,
the choice of technique depends on the type of data
being considered.

This is different from the research conducted by
Kilicoglu and Yerlikaya-Ozkurt (2024) where the
Ridge Regression, LASSO, and Flastic Net
methods were applied to different simulated data
sets with different characteristics and also real-
world data sets [24]. Based on the performance
results, the methods are compared according to a
called
TOPSIS, and a preference order is determined for
each data set. The results show that LASSO and
Elastic Net models outperform Ridge Regression,
both on simulated and real-world datasets.
Although the consistent performance of LASSO

multi-criteria ~ decision-making method

and Elastic Nets across diverse datasets suggests
inherent advantages in terms of prediction accuracy,
variable selection, or robustness to data properties,
caution is warranted before making broad
generalizations. Specific characteristics of the data
set used in this research, such as sample size,
predictor variables, outcome measures, and
underlying data distribution, may influence the
observed superiority of LASSOs and Elastic Nets.
Cleophas & Zwinderman (2015) have also
compared Ridge Regression, LASSO, and Elastic
Net on data from 250 patients on the patient's

microarray gene expression levels and drug efficacy

scores [31]. The results show that, specifically, the
optimal scaling sensitivity of Ridge Regression
produces more significant predictors in the data.
Additionally, LASSO's optimal scaling shrinks
some b values of the variable to zero, and therefore,
it is suitable if you are looking for a limited number
of strong predictors. On the other hand, the Elastic
Net's optimal scaling performs better than the
LASSO if the number of predictors is much greater
than the number of observations. Another research
conducted by Gilbraith et al. (2021) [32] presents
four unique prediction techniques namely LASSO,
Elastic Net, Partial Least Squares Regression, and
Ridge Regression combined with several data pre-
processing methods, utilizing various types of oil
and oil peroxide value (PV) as well as incorporating
natural aging for peroxide production. The results
showed that although no individual regression
model was be the best, the global models for each
regression type and the pre-processing methods
showed good agreement between all regression
types when performed in their optimal scenarios. In
addition, the research results show promising
progress in developing a full global model for the
determination of the PV of vegetable oils.

4. CONCLUSIONS

Ridge Regression, LASSO, and Elastic Net are
extensions of the ordinary least squares regression
aimed at addressing multicollinearity and
overfitting issues. These methods apply penalties to
the regression coefficients to stabilize models and
improve prediction accuracy. Ridge Regression
adds an L2 penalty to minimize variance and
stabilize coefficient estimates, particularly effective
for handling multicollinearity without eliminating
any features. Ridge Regression is best suited for
datasets with high multicollinearity where all
features are considered necessary. LASSO
introduces an L1 penalty, which can shrink some
coefficients to zero, making it ideal for feature
selection in cases where some predictors have little
predictive power. LASSO is preferred for feature
selection in sparse datasets, reducing complexity by
setting some coefficients to zero. Elastic Net
combines both L1 and L2 penalties, balancing
feature selection and the reduction of coefficient

variance. It is suitable for datasets where predictors
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are highly correlated. Elastic Net offers a flexible
approach by combining the strengths of Ridge and
LASSO, making it practical for correlated
predictors that require both regularization and
feature selection. Each of these methods has unique
advantages, and the choice of method depends on
the data structure and analysis goals.
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